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E-field contribution
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Averaging over the distribution, assuming E-field is linear in displacement,
continuous quad approximation, independent of betatron amplitude. . ..

2n(n —1)B%(x7) /R
where T¢ is the equilibrium radial displacement for particle with momentum Ap/p

Let’s check those assumptions
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In an ideal cartesian geometry and quadrupole where the horizontal
field is antisymmetric about the closed orbit, the E-field correction is

independent of betatron amplitude
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In a curved geometry, the integrated E-field along the trajectory depends on betatron
amplitude in two ways
1. Sextupole (quadratic) component of the quads
e Sextupole component is symmetric about magic radius
e Shifts the ‘closed orbit’
2. Path length (asymmetric about magic radius)
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The average E-field for a muon with momentum pg + Ap and betatron amplitude CIZ@ is

_ 1 2 1 2
(E.) = k n5+2p0(( 6) +2:1:5)+...

For positive momentum offset correction increases with betatron amplitude



Closed orbit depends on betatron amplitude
Radially out ——

! force

Quad E-field
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E-field contribution along any trajectory:

- Ap 1 TEXE
Ce(T) ~ 2= "7 B
p 0 &

dat

To compute correction in simulation, integrate <ﬂ X E>
along the trajectory of the muon

=> E-field correction as a function of time, C_(t)
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Sextupole component
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* C.(t) oscillates with betatron frequency at early time
* C,(t) decreases with increasing betatron amplitude
e Contribution from betatron amplitude < 40 ppb

Correction decreases with betatron amplitude
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Dependence of E-field
correction on Betatron
amplitude with and

without sextupole-like

Ap/p=0.2%

Efield correction decreases
with betatron amplitude
for Ap/p>0

And increases for Ap/p <0
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What do we know so far?

If Ap/p =0.2%, then due to the quadratic dependence of E-field on displacement
e E-Field contribution decreases by ~ 3.5% as betatron amplitude increases
from0Oto2.5cm

(The quadratic dependence is evident in 3-D Opera quadrupole field map)

Does it really matter?



E-field contribution for each muon

- Ap 1 TEXE

Ce(T) ~2— dt
(T) p 1), Dc

Averaging over the distribution assuming E-field is linear in displacement
2n(n —1)B%(x7)/ Rg

where T¢ is the equilibrium radial displacement for particle with momentum Ap/p

Te = NAD/p

Let’s check to see if the linear formula gives the correct answer for a
realistic distribution



Characterization of a simulated distribution

* Propagate a ‘realistic’ distribution through the injection channel
(through backleg iron and inflector and into storage ring)

o Assume longitudinal distribution is as measured in Spring 18
o Kicker pulse shape - as measured

Track around the ring — (quadrupole field as per Opera 3D map)
until muon decays

* For each muon that decays at t > 35us record:
o Momentum

o End phase space coordinates, decay time,

o closed orbit 1 N
=1

o Fast rotation frequency

! N
FR — —
T
o Efield contribution
- Apl (P BxE
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Next step. Since we have C, and x_ for every muon we can compare

T — -

Ap 1 0 x FE
p 1), DBc

Exact <C€> — 2< dt> = 0.298 ppm

to

Linear approximation 2n(n — 1) < >/RO =0.323 ppm

Conclusion:

If we reconstruct the distribution of equilbrium radii perfectly,
there is an 8% discrepancy (25 ppb)



O 00 N o U1 A W N =

e
N B O

13

11/30/18

How does correlation depend on kicker, quads, scraping ?
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plotting_scripts/EfieldCorrectionSummary.gnu  Fri Nov 30 06:41:55 2018
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plotting_scripts/EfieldCorrectionSummary.gnu  Fri Nov 30 06:41:55 2018
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We find that
If we measure equilibrium radial distribution perfectly
then we know E field contribution to better than 10%



Check pitch correction

Pitch

- - qe
Wq ~ Wdiff — _E

Exact Cp (T)

First order <Cp > N
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And
If we measure vertical distribution perfectly
then we know pitch contribution to 5%



Next. Check how well the fast rotation analysis reproduces radial distribution?

Simulation also generates a fast rotation signal, namely the distribution
of muon decay times
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Summary

Effect of E-field and pitch is computed in tracking simulation by integrating
(summing along the trajectory)

Ap 1 TEXE

Ce(T)NQ?T . BC dt
G =57 | (- B
P2 BT,

Efield contribution within 10% of calculation based on equilibrium radial
distribution
Pitch contribution within 5% of calculation based on vertical distribution

Next step
Extract equilibrium radial distribution with FR-analysis and compare with
simulation
And to understand the 10 and 5% discrepancies

END
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Cp [Ppm]
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1. Generated and track a distribution and compute
*  Momentum and frequency distribution
* E-field correction for each particle
e Vertical phase space distribution and pitch correction
* Fast rotation signal
2. Perform fast rotation analysis and see if we get the right answer.
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Backup
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How does pitch correction depend on betatron amplitude?

The initial displacements and amplitudes are

Wed Sep 19 20:12:44 2018

.gnu
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Cartesian coordinates — no z- dependence

(z +iy)"

n
0

E;, —iE, = (b, — iay)

Satisfies Maxwell for any n

Not so in cylindrical coordinates. But we can expand as
T n
2 : r
- 0

In the midplane (y=0)



This was our guess

72
E~k|l(x——+... A-—uz2>
(( 200 )P

General form

The fitted values give

b2 /7
b1 /70

=N — —0.0593m !
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Lo ,\
Linear term Sextupole
The solution is not unique.

It is possible to find a solution that is linear in x,
but then it is necessarily nonlinear in z (vertical)

There is inevitably a sextupole component with curved plates
independent of the plate shape details and alignment.



Path length

A particle oscillating about the magic radius (p,) spends more time
at x>0 than x<0

dl = (po + x)db
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magic radius -~ """

The E-field along the trajectory at the magic radius (momentum = p,) is zero.



magic radius

three turns

But what about the muon with momentum p,that oscillates about the magic
radius with some betatron amplitude CCB ?

Or the muon with momentum Pg + Ap and betatron amplitude 5135?

T T 5 = Ap/po



How does E-field correction depend on betatron amplitude?
Consider 4 distinct trajectories,
initialized at t=0 with

v’ =0,Ap/p=0.2%

The initial displacements and betatron amplitudes are
1. x =0.02m, a,=0.738 mm-mrad
2. x=00m, a,=39.7 mm-mrad
3. x=-0.01m, a,=64.3 mm-mrad
4. x= -0.02m, a,=97.66 mm-mrad

Note that the betatron coordinates are related to x and x” according to
g = x—n(Ap/p)
g = ' —n'(Ap/p)
And  a, = (x5 + 20wz + ﬁa:%Q)l/Q is the betatron amplitude



E-field correction

C. = (1_ 1 m2> BE, N (1_ m2 (1_2%)> BE,

a, p? cB CW% D

cB

Magic momentum m2 /p(2) = ay,

Te = N0

2
CL(5,250) ~ 2@( .

If <$e> — <5>77 — () then correction is independent of Igs

(C.(5,250)) = zf_gn<52>



Bk 5
Ce 57 p— 2_ 5
(Ce(0;250)) cBn< )
ko= (22.409L><106V/m2
27.2
n = &8.3m
(0.999)(22.409 x 10%) 7~ : -
(3 % 10°)(1.45) 8.3(0.001)* = 85.429 x 10
Lguad 156
ke — 29U 7" (0.43333)k
77eff — <77>
22.409
k(MV/m?*) = V(kV)

27.2



If <$6> — <5>77 # O then according to the Miller/Nguyen rule

To minimize the E-field correction choose J)()so that

P—DPo, m_2 W
2au< o >— p(Q) p
(Ce) ~ 2 |=n((6)” = (%) + 4—;0<<5>2<x%0>} 5

Contribution from betatron amplitude

Correction increases with betatron amplitude



Turn off sextupole component

Correction increases with
amplitude (path length effect)

11/30/18

<B X E> [kV/m]

<B X E> [kV/m]

123.3

123.2

123.1

123

122.9

122.8 §

122.7

122.6

18.9
18.8
18.7
18.6
18.5
18.4
18.3
18.2
18.1

curvilinear multipoles. Only bl nonzero

1.0,.2 —— E
4.0,.2 —— 43
0.0,.2 —— |8§
3.0,2 —— |°F
25,2
i‘ [||“||"| H“““““““““ 1 T Hn'
]ﬂ“' ra'u.p ’ i) ' m ‘ ‘ '
“ ,;* “ !11 ”, ‘ n A &‘(‘Q‘!’Q‘h‘t “ uu ‘

W Hr !HH',AH ‘!mb H ’H 5 b £ : ! t i ‘ i ] 5
M! (hl 13
| %:

| | | | | | g

20 40 60 80 100 120 140 160
curvilinear muFti.rB&é%?bmy bl nonzero B}

I I I I T ;
i m B m m = m = | :
| | | | | _5:?

0 0.5 1 1.5 2 2.5 3

Betatron amplitude [cm]

46



Restore sextupole component

Correction decreases with
amplitude (average orbit
shifted radially inward)
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