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There is a correlation between the signs of Δ "x , !xµ , and 

ΣT  due to the correlation between pµ
T  and ΣT . The cor-

relations between spin and the transverse coordinates 
decrease as the distance between the magnets decreases. 

 
Figure 1: Cartoon illustrating the correlation between 

muon momentum and spin in the pion rest frame. 

 
 
Figure 2: BNL x - !x  phase-space admittance in the cen-
ter of a FODO horizontally defocusing quadrupole mag-
net. The Δ "x  is shown for a central momentum pion de-

caying to a magic momentum muon in the horizontal 
plane. The signs of !xµ  and ΣT  are correlated. 

 The BNL experiment rejected pions just before beam 
injection into the storage ring, where this also rejected the 
muons with Θ ≈ 0! . The FNAL experiment beamline beta 

functions are smaller than for the BNL experiment, and 
effectively all of the pions will decay before beam injec-
tion into the storage ring. The inclusion of the Θ ≈ 0!  
muons increases the muon storage efficiency and dimin-
ishes the spin and transverse coordinate correlations. 

MC SIMULATION ESTIMATIONS 
A MC simulation of the muon beam just after injection 

into the muon storage ring exists for the BNL experiment. 
MC simulations of the muon beam are presently under 
development for the FNAL experiment. 

The muon z-x spin angle is φa = tan
−1 Σµ

x / Σµ
z( ) . A se-

lection cut of ±1 % Δp / p
 
with respect to the magic 

momentum is applied to the simulation data. The spin 
angle vs. x  or !x  are shown in Figs. 3 and 4. The correla-
tions are an order if magnitude greater for the BNL exper-
iment compared to the FNAL experiment. 

CONCLUSIONS 
The BNL and FNAL beamlines produce muon spin and 

transverse coordinate correlations. The FNAL experiment 
is found to have correlations that are consistent with zero 
or small compared to the correlations for the BNL exper-
iment. These correlations will produce a differential de-
cay systematic error in the measurement of the muon 
anomalous magnetic moment [5]. These systematic ef-
fects are presently being calculated for the FNAL experi-
ment, while they have already been estimated as being 
small compared to the BNL experiment total systematic 
error. 
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FIG. 3: �(s) and �(s) through the injection channel (backleg,fringe,inflector)

E. Correlation of momentum acceptance and displacement xinf

Substituting for x0
inf in terms of xinf as given by Equation 6 into Equation 3, gives the momentum acceptance in

terms of the kick ✓k as well as the displacement (xinf ) as shown in Figure 4(left). Substituting into Equation 4, gives
the di↵erential of the momentum acceptance in terms of displacement xinf and kick. (see Figure 4(right)).
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FIG. 4: (left)Momentum acceptance vs displacement at the inflector exit for various kick angles. (right) d�/dxinf

versus xinf for various kick angles ✓k. The perfect kick angle ✓k = 10.2 mrad steers the magic momentum particle
onto its closed orbit.

F. Early to Late

The average shift in !a

h�!ai =
dh�ai
d�

dh�i
dt

=
dh�ai
dxinf

dxinf

d�

dh�i
dt

(8)

Crnkovic et al. doc db 3477 and 3841 show that spin angle and muon phase space coordinates x, x’, are 
correlated in muons propagated to end of M5
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A. Momentum acceptance

For a particular displacement and angle of the trajectory at the inflector exit, and for a particular kick angle,
momenta are captured in the range[1]
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B. Correlation in the Phase Space of Injected Muons

In general, displacement and angle (x, x0) are correlated. The correlation in the injected beam is extracted from
the linear fits to the MC data in Figures 1 taken from Crnkovic[2].

 
(a) 

 
(b) 

Figure 3: MC simulation of average z-x spin angle ( φa ) 

vs. x : (a) FNAL and (b) BNL. 

 
(a) 

 
(b) 

Figure 4: MC simulation of average z-x spin angle ( φa ) 

vs. !x = dx / ds : (a) FNAL and (b) BNL. 
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FIG. 1: MC simulation of average z-x spin angle at end of M5[2]

The fits to �a to x and x0

h�ai = �0.25x+ 851.1

h�ai = 0.77x0 + 851.4

dh�ai
dx0

M5

= 0.771
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If x, x’ are correlated with momentum acceptance, we expect early to late effect
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where x0
inf = x0

inf + ✓k cos�k and ✓k = ✓k sin�k. Note that in the weak focusing limit �k = ⇡/2 in which case

x0
inf = x0

inf and ✓k = ✓k. (In what follows we assume that x0
inf ! x0

inf and ✓k ! ✓k.) Equation 8 defines the range

of momenta that will be stored for a particular value of the kick angle ✓k.

The maximum momentum that can be stored is that momentum that minimizes the betatron amplitude (D). The

minimum of D with respect to momentum obtains when
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Replace ⌘� with ✓k� in 8 using 9 and solve for ✓k.

Momentum acceptance in terms of initial conditions                                  and the kick
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Given an injected distribution
𝜌𝑖𝑛𝑖(𝑥, 𝑥!, δ) we can generate 

captured distribution 
𝜌𝑐𝑎𝑝(𝑥, 𝑥!, δ) 

For our initial distribution assume
• gaussian distributed over 

the range
•
• Momentum  (d), independent of 

68 mm < xinf < 86 mm
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where x0
inf = x0

inf + ✓k cos�k and ✓k = ✓k sin�k. Note that in the weak focusing limit �k = ⇡/2 in which case

x0
inf = x0

inf and ✓k = ✓k. (In what follows we assume that x0
inf ! x0

inf and ✓k ! ✓k.) Equation 8 defines the range

of momenta that will be stored for a particular value of the kick angle ✓k.

The maximum momentum that can be stored is that momentum that minimizes the betatron amplitude (D). The

minimum of D with respect to momentum obtains when

dD

d�
= 0

0 =
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D
! ⌘� = xinf � ✓k� (9)

Replace ⌘� with ✓k� in 8 using 9 and solve for ✓k.

Assume uniform distribution of momenta in injected beam
Scan xinf over inflector width  (from 0.068m to 0.086m)
Use
Use measured kick pulse shape to get 
Weight by measured pulse intensity and assume x is gaussian distributed

✓k
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x0
inf ⇠ 1.64(xinf � xc)
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<latexit sha1_base64="1r8oeLZTbm1K6MgHkqf7Nt/3hWg=">AAACKXicbZDLSgMxFIYzXmu9jbp0EyxCC1JmpKIboejGZQV7gU4pmcxpG5rJDElGWkpfx42v4kZBUbe+iGmnoLb+EPj5zjnknN+POVPacT6speWV1bX1zEZ2c2t7Z9fe26+pKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v389qdfvQSoWiTs9jKEVkq5gHUaJNqhtlz1ORJcD9gLgmuQHBU+m4BJ7TOgfjj3Zi/KDkxQUcJCatp1zis5UeNG4M5NDM1Xa9osXRDQJQWjKiVJN14l1a0SkZpTDOOslCmJC+6QLTWMFCUG1RtNLx/jYkAB3ImmeWW5Kf0+MSKjUMPRNZ0h0T83XJvC/WjPRnYvWiIk40SBo+lEn4VhHeBIbDpgEqvnQGEIlM7ti2iOSUG3CzZoQ3PmTF03ttOiWime3pVz5ahZHBh2iI5RHLjpHZXSDKqiKKHpAT+gVvVmP1rP1bn2mrUvWbOYA/ZH19Q2gmaWj</latexit>

𝛿 = 𝑚" 𝑥#$% + 𝑏
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We have 

But what we want is 

dhxinf i
d�
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Momentum acceptance as a function of xinf for qk = 10.2 mrad, x’inf =0

The momentum d in the slice is 
independent of xinf
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Same data
Axis swapped

is independent of d, for �0.002 . � . 0.002
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Is the appropriate measure of the dependence of xinf on �
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is independent of d, for �0.002 . � . 0.002
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�2 =
X

ij

(xi � (m� · �j + b))2 Wij
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FIG. 1: Momentum acceptance as a function of kicker field, assuming x0
inf = 0 (left) and x0

inf = 2.5 mrad (right).

All particle momenta between the dashed lines are stored. The solid line corresponds to the particle momentum

(radial o↵set) that is kicked onto its closed orbit. The other momenta in the slice oscillate about their respective

closed orbits with finite betatron amplitude. Note that the injection angle x0
inf reduces the momentum acceptance.
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FIG. 2: The muon pulse (Run 1 T0 bunch 1)

extends nearly 200 ns. The kicker pulse (Run

1 magnetometer measurement) is the purple

curve. The peak of the kicker pulse is scaled

to 204 G, typical in Run 1.
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FIG. 3: The threshold kick angle for capture

is ✓k = (xinf �A)/� = 4.5 mrad ! 122 G.

The width of the range of captured momenta

(the length of the error bar) is A/⌘. The
midpoint of the range is h⌘�i = 1

2 (xinf � ✓k�).
(The injection angle x0

inf = 0.

of the momentum and the average of the square of the momentum in each time bin assuming gaussian distributed

momenta of the injected beam is shown in the right hand plot. Assuming the intensity distribution as shown in the

right hand plot, we determine that the equilibrium radial o↵set of the distribution h⌘�i = 12.15 mm with standard

deviation �r = 12.62mm. For reference, recall that for Run I, with Bkicker ⇠ 204G we measured average and width

of the momentum distribution to be h⌘�i ⇠ 6mm, and �r ⇠ 9mm respectively. We might increase the kicker field to

reduce the average displacement. But with that increased field we will capture more lower momenta muons and thus

increase the width.

Correlation

The momentum-time correlation is evident. The highest average momenta are at the head and tail of the stored

bunch where the kick is the weakest. The lowest average momenta corresponds to the peak of the kick. We might

anticipate that with increasing peak kicker field, the variation of the momentum from head to tail of the bunch will

Time dependence of kicker field 
and injected pulse

Run I

3

where

tan↵ =
(xinf � ⌘�)� �✓k sin�k

(x0
inf + ✓k cos�k)�k

and D =
⇥
((x0

inf + ✓k cos�k)�)
2
+ (xinf � ⌘� � ✓k� sin�k)

2
⇤1/2

Then

|x(�)| < A

! �A < �D + ⌘�, D + ⌘� < A

! �A� ⌘� < �D, and D < A� ⌘�. (7)

Equations 7 imply

D2 < (A± ⌘�)2

(x0
inf�)

2
+ (� 1

�
(xinf � ⌘�) + ✓k)�)

2 < A2
+ (⌘�)2 ± 2A⌘�

(x0
inf�)

2
+ (�xinf + ✓k�)

2
+ (⌘�)2 + 2(�xinf + ✓k�)⌘� < A2

+ (⌘�)2 ± 2A⌘�

(x0
inf�)

2
+ (�xinf + ✓k�)

2 � 2(xinf � ✓k�)⌘� < A2 ± 2A⌘�

(x0
inf�)

2
+ (�xinf + ✓k�)

2 � 2(xinf � ✓k� ±A)⌘� < A2

A2 � (x0
inf�)2 � (�xinf + ✓k�)2

�2(xinf � ✓k� ±A)
> ⌘�

A2 � (x0
inf�)2 � (�xinf + ✓k�)2

⌥2(A± (xinf � ✓k�))
> ⌘�
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2

✓
A⌥ (xinf � ✓k�)�

(x0
inf�)2

A± (xinf � ✓k�)

◆
> ⌘�
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✓
A� (xinf � ✓k�)�
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◆
< ⌘� <

1
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✓
A+ (xinf � ✓k�)�

(x0
inf�)2

A� (xinf � ✓k�)

◆
(8)

where x0
inf = x0

inf + ✓k cos�k and ✓k = ✓k sin�k. Note that in the weak focusing limit �k = ⇡/2 in which case

x0
inf = x0

inf and ✓k = ✓k. (In what follows we assume that x0
inf ! x0

inf and ✓k ! ✓k.) Equation 8 defines the range

of momenta that will be stored for a particular value of the kick angle ✓k.

The maximum momentum that can be stored is that momentum that minimizes the betatron amplitude (D). The

minimum of D with respect to momentum obtains when

dD

d�
= 0

0 =
⌘� � xinf + ✓k�

D
! ⌘� = xinf � ✓k� (9)

Replace ⌘� with ✓k� in 8 using 9 and solve for ✓k.

10

FIG. 11: The kicker pulse on the initial pass through the kicker (black curve) and T0 pulse (dashed curve). The

green, blue, yellow and purple curves are the kicker field on turns 1-4. Run 1-2 kicker pulse (left) and Run 3b-4

kicker pulse shape (right).

we see that the kicks on multiple can be included as e↵ective contributions to the injection angle and the total kick

amplitude. Using �n
k = 2⇡⌫( 14 + n), where ⌫ is the betatron tune, we write

�x0
inf =

X

n

✓nk cos(2⇡⌫[
1

4
+ n]) (18)

x0
inf = x0

inf +

X

n

✓nk cos(2⇡⌫[
1

4
+ n]) (19)

✓k =

X

n

✓nk sin(2⇡⌫[
1

4
+ n]) (20)

Note that if ⌫ = 1 (field index = 0), that �x0
inf = 0 and the e↵ective kick ✓k =

P
n ✓

n
k is simply the sum of

contributions on each turn.

Extended kick

In our experiment, the kicker consists of 3 127cm long elements, whereas we have heretofore assumed that the kick

is applied at the singular location that is at the midpoint of the actual kickers. We can better approximate the e↵ect

of the extended kick by applying multiple singular kicks distributed over the length of kicker region. We might start

by applying 1/6 of the kick at the betatron phase ��(si) corresponding to the beginning and end of each of the 3

kicker elements at si, i = 1, ...6. With the continuous quad approximation, ��(si) = 2⇡⌫ si
2⇡R = ⌫ si

R . The Equations

19 and 20 become

�x0
inf =

NX

n

6X

i

✓nk
6

cos(2⇡⌫[
si
R

+ n])

x0
inf = x0

inf +�x0
inf

✓k =

NX

n

6X

i

✓nk
6

sin(2⇡⌫[
si
R

+ n])

Re-cap

Assume uniform distribution of momenta in injected beam
Scan xinf over inflector width  (from 0.068m to 0.086m)
Use
Use measured kick pulse shape to get 
Weight by measured pulse intensity and assume x is gaussian distributed

✓k
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x0
inf ⇠ 1.64(xinf � xc)
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If
• 𝜎" = ∞
• dx’/dx =0   (x’inf=0)
• Index =0
• Single kick
• Bpeak =284 G – measured pulse shape
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If
• 𝜎" = ∞
• dx’/dx =0   (x’inf=0)
• Index =0.108
• Kick on multiple turns
• Bpeak =284 G – measured pulse shape
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If
• 𝜎" = 3 mm
• dx’/dx = 0.5
• Index =0.108
• Kick on multiple turns
• Bpeak =284 G – measured pulse shape
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If
• 𝜎" = 3 mm
• dx’/dx = 1.624
• Index =0.108
• Kick on multiple turns
• Bpeak =284 G – measured pulse shape
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Conclusion:

h�!ai =
dh�ai
dxinf

dhxinf i
d�

1

�

dh�i
dt

<latexit sha1_base64="g8/n5OczSfG/pM5cVMEIZLBFbds="></latexit>
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where

tan↵ =
(xinf � ⌘�)� �✓k sin�k

(x0
inf + ✓k cos�k)�k

and D =
⇥
((x0

inf + ✓k cos�k)�)
2
+ (xinf � ⌘� � ✓k� sin�k)

2
⇤1/2

Then

|x(�)| < A

! �A < �D + ⌘�, D + ⌘� < A

! �A� ⌘� < �D, and D < A� ⌘�. (7)

Equations 7 imply
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where x0
inf = x0

inf + ✓k cos�k and ✓k = ✓k sin�k. Note that in the weak focusing limit �k = ⇡/2 in which case

x0
inf = x0

inf and ✓k = ✓k. (In what follows we assume that x0
inf ! x0

inf and ✓k ! ✓k.) Equation 8 defines the range

of momenta that will be stored for a particular value of the kick angle ✓k.

The maximum momentum that can be stored is that momentum that minimizes the betatron amplitude (D). The

minimum of D with respect to momentum obtains when

dD

d�
= 0

0 =
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D
! ⌘� = xinf � ✓k� (9)

Replace ⌘� with ✓k� in 8 using 9 and solve for ✓k.
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FIG. 3: �(s) and �(s) through the injection channel (backleg,fringe,inflector)

E. Correlation of momentum acceptance and displacement xinf

Substituting for x0
inf in terms of xinf as given by Equation 6 into Equation 3, gives the momentum acceptance in

terms of the kick ✓k as well as the displacement (xinf ) as shown in Figure 4(left). Substituting into Equation 4, gives
the di↵erential of the momentum acceptance in terms of displacement xinf and kick. (see Figure 4(right)).
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FIG. 4: (left)Momentum acceptance vs displacement at the inflector exit for various kick angles. (right) d�/dxinf

versus xinf for various kick angles ✓k. The perfect kick angle ✓k = 10.2 mrad steers the magic momentum particle
onto its closed orbit.

F. Early to Late

The average shift in !a

h�!ai =
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=
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(8)

Use BMAD to propagate from the end of M5 to inflector exit
to get 

dh�ai
dxM5

= �0.251 m/rad
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A. Momentum acceptance

For a particular displacement and angle of the trajectory at the inflector exit, and for a particular kick angle,
momenta are captured in the range[1]
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B. Correlation in the Phase Space of Injected Muons

In general, displacement and angle (x, x0) are correlated. The correlation in the injected beam is extracted from
the linear fits to the MC data in Figures 1 taken from Crnkovic[2].
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Figure 3: MC simulation of average z-x spin angle ( φa ) 

vs. x : (a) FNAL and (b) BNL. 
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(b) 

Figure 4: MC simulation of average z-x spin angle ( φa ) 

vs. !x = dx / ds : (a) FNAL and (b) BNL. 
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FIG. 1: MC simulation of average z-x spin angle at end of M5[2]

The fits to �a to x and x0

h�ai = �0.25x+ 851.1

h�ai = 0.77x0 + 851.4

dh�ai
dxM5

= �0.251 m/rad

<latexit sha1_base64="Otk5g+qjKPGRIGuWoBSjd7Dxs1I="></latexit>

dh�ai
dx0

M5

= 0.771

<latexit sha1_base64="V1JB1R9VHDiX1SD/DE6WEReSIx8=">AAACG3icbVDLSsNAFJ3UV62vqEs3wSK4CklpqRuh6MaNUME+oIlhMpm0QyeTMDMRS+h/uPFX3LhQxJXgwr9xmmahrQcGzj3nXu7c4yeUCGlZ31ppZXVtfaO8Wdna3tnd0/cPuiJOOcIdFNOY930oMCUMdySRFPcTjmHkU9zzx5czv3ePuSAxu5WTBLsRHDISEgSlkjy95oQcoixwKGRDip1kRDzo8LyYZsHDnZNwEmEvu25Mp+eW2Wzanl61TCuHsUzsglRBgbanfzpBjNIIM4koFGJgW4l0M8glQWpLxUkFTiAawyEeKMpghIWb5bdNjROlBEYYc/WYNHL190QGIyEmka86IyhHYtGbif95g1SGZ25GWJJKzNB8UZhSQ8bGLCgjIBwjSSeKQMSJ+quBRlCFJVWcFRWCvXjyMunWTLtuNm7q1dZFEUcZHIFjcAps0AQtcAXaoAMQeATP4BW8aU/ai/aufcxbS1oxcwj+QPv6AZ+robo=</latexit>

9/6/22 19D. Rubin

4

and

dh�ai
dxinf

=

✓
dh�ai
dxM5

◆✓
dxM5

dxinf

◆

= (�0.25 mrad/mm)⇥ (
1

�0.1057
) = 2.37 mrad/mm

Since � = p�p0

p0
⇠ ���0

�0
, then d�

d� = 1
�0

and 8 becomes

h�!ai =
dh�ai
dxinf

dxinf

d�

d�

d�

dh�i
dt

= (2.37 mrad/mm)
dxinf

d�

1

�

dh�i
dt

The rate of change of the average energy in the stored beam dh�i
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FIG. 5: Dependence of �!a/!a on xinf and kick angle ✓k
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FIG. 3: �(s) and �(s) through the injection channel (backleg,fringe,inflector)

E. Correlation of momentum acceptance and displacement xinf

Substituting for x0
inf in terms of xinf as given by Equation 6 into Equation 3, gives the momentum acceptance in

terms of the kick ✓k as well as the displacement (xinf ) as shown in Figure 4(left). Substituting into Equation 4, gives
the di↵erential of the momentum acceptance in terms of displacement xinf and kick. (see Figure 4(right)).
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versus xinf for various kick angles ✓k. The perfect kick angle ✓k = 10.2 mrad steers the magic momentum particle
onto its closed orbit.
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A. Momentum acceptance

For a particular displacement and angle of the trajectory at the inflector exit, and for a particular kick angle,
momenta are captured in the range[1]
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B. Correlation in the Phase Space of Injected Muons

In general, displacement and angle (x, x0) are correlated. The correlation in the injected beam is extracted from
the linear fits to the MC data in Figures 1 taken from Crnkovic[2].
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Figure 3: MC simulation of average z-x spin angle ( φa ) 

vs. x : (a) FNAL and (b) BNL. 
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Figure 4: MC simulation of average z-x spin angle ( φa ) 

vs. !x = dx / ds : (a) FNAL and (b) BNL. 
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FIG. 1: MC simulation of average z-x spin angle at end of M5[2]

The fits to �a to x and x0

h�ai = �0.25x+ 851.1
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is the collimator aperture 

A Equations for presentation 14

x0
k+ = � 1
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(xinf � ⌘�) sin�k + x0

inf cos�k + ✓k
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1p
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[(xk+ � ⌘�)2 + �2

(x0
k+)

2
]
1/2
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✓
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✓
� 1

�
(xinf � ⌘�) sin�k + x0
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◆◆�
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
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✓
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inf cos�k

◆◆�1/2

Suppose
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=
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3

where

tan↵ =
(xinf � ⌘�)� �✓k sin�k

(x0
inf + ✓k cos�k)�k

and D =
⇥
((x0

inf + ✓k cos�k)�)
2
+ (xinf � ⌘� � ✓k� sin�k)

2
⇤1/2

Then

|x(�)| < A

! �A < �D + ⌘�, D + ⌘� < A

! �A� ⌘� < �D, and D < A� ⌘�. (7)

Equations 7 imply
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(x0
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2
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�
(xinf � ⌘�) + ✓k)�)
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(x0
inf�)

2
+ (�xinf + ✓k�)

2
+ (⌘�)2 + 2(�xinf + ✓k�)⌘� < A2
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2
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2
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2 � 2(xinf � ✓k� ±A)⌘� < A2
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�2(xinf � ✓k� ±A)
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✓
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(8)

where x0
inf = x0

inf + ✓k cos�k and ✓k = ✓k sin�k. Note that in the weak focusing limit �k = ⇡/2 in which case

x0
inf = x0

inf and ✓k = ✓k. (In what follows we assume that x0
inf ! x0

inf and ✓k ! ✓k.) Equation 8 defines the range

of momenta that will be stored for a particular value of the kick angle ✓k.

The maximum momentum that can be stored is that momentum that minimizes the betatron amplitude (D). The

minimum of D with respect to momentum obtains when

dD

d�
= 0

0 =
⌘� � xinf + ✓k�

D
! ⌘� = xinf � ✓k� (9)

Replace ⌘� with ✓k� in 8 using 9 and solve for ✓k.

Momentum acceptance in terms of initial conditions                                  and the kick
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Possible explanations
• Extracting x-x’ correlation from spin phase vs x,x’ is flawed
• Spin phase vs x,x’ plots are for some place other than the end of M5 (our assumption when 

propagating to the inflector exit)
• Neglecting the width of the x’ distribution is a poor assumption
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