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1 Abstract

2 The muon frequency distribution is found by taking the cosine Fourier transformation of the fast rotation
3 signal. The cosine Fourier transformation should begin at a time ¢, when the centroid of the time profile of
4 the muon beam first passes the detector. We want to start the Fourier transform at a later start time ¢4 in
5 order to skip the beam-line positron contamination of the muon beam which continues for the first 4 us and
6 possibly to skip scraping which lasts for the first 30 us of the fast rotation signal. The missing time between
7 to and ts of the cosine Fourier transformation must be accounted for. This missing time creates a background
8 on the cosine Fourier transformation which must be removed. We fitted the background and then subtract
9 it to recovered the complete frequency distribution.

10 The background can be fitted using different functions which are all equivalent for values of t5 of at least
11 4 us, enough to skip the positron contamination. The background can be fitted accurately for values of t; up
12 to 25 pus for both Gaussian and asymmetric Monte Carlo fast rotation signals using some fit functions. For
13 frequency distributions with higher statistics and less width, we would likely be able to fit the background
14 all the way up to 30 us allowing us to skip all of scraping.

15 We also offer an alternative approach by first approximate the frequency distribution and then using
16 the approximation to calculate the background. An iterative process can be used which self corrects the
17 background allowing us to instead start with the cosine Fourier transformation as the approximate frequency
18 distribution. These approaches work precisely for values of ¢ of at least 4 us but falter when ¢4 is greater
19 than 8 ps.
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1 Introduction

The goal of the fast rotation Fourier analysis is to calculate the E-field correction to w, which is the precession
frequency of the muon’s spin about its momentum. The E-field correction is directly calculated from the
radial distribution of the muons which is produced from the frequency distribution. To calculate the E-field
correction, we must be able to extract the frequency distribution from the fast rotation signal to a high degree

of accuracy [1].

The frequency distribution of the muons about the ring is obtained by doing a Fourier transformation of the
fast rotation signal. The fast rotation signal is the change in the intensity of the muons as they go around the
ring at a fixed location. since the frequency distribution of the muons is approximately even about its center,
the frequency distribution is obtained by taking the real part of the Fourier transformation, which is the cosine

Fourier transformation [2].
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When taking the cosine Fourier transformation of the fast rotation signal, we must skip the first several
microseconds of data because there is beam-line positron contamination of the muon beam which is gone by 4
s . Figure 1 shows the beam-line positron contamination of the muon beam on the first first 4 us of the fast
rotation signal for the Run-1 60-hour data set. The first 30 us of the fast rotation signal is afflicted by scraping
which may affect the radial distribution of the muons, so ideally we also want the ability skip this as well.
The cosine Fourier transformation ideally begins at the time when the centroid of the time profile of the
muon beam first passes the detector denoted as ty. We must instead start the cosine Fourier transformation
of the fast rotation signal not at ty but instead a later start time ¢5 to skip the positron contamination and
ideally scraping. To recover an accurate frequency distribution, the missing time in the cosine Fourier transform

between ty and t5 must be accounted for.
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Figure 1: The first 10 us of the fast rotation signal is shown for Run-1 60-hour data set. The positron interference

can be seen in the first 4 us of the signal.

For a fast rotation signal S(t), the frequency distribution S(w) can be recovered via the cosine Fourier

transform [2]:

2 2
\[ S(t) cosw(t — to)d \/7 S(t)cosw(t — to)dt + \/7/ )cosw(t — to)dt. (1)
to ts to

The integral between ty and t; is the correction to the fast rotation signal denoted A(w). The correction is

equal to the following equation where w* = 6.748 MHz and w™ = 6.663 MHz are the bounds of the collimator

\/>/t S(t) cosw(t — to)dt ~ / S(w Sln[(w ;w_’)c(js ) e ?

We add the correction to the cosine Fourier transformation in order to recover the complete frequency dis-

aperture [2]:

tribution. We do this by fitting for the background to the cosine Fourier transformation which is the negative of
the correction. Then we subtract the background from the cosine Fourier transformation yielding the complete

frequency distribution.

Important note: The equation (2) above and all the other equations in this note use angular frequencies

w, however all figures are shown using frequency f where w = 27 f. Using angular frequency makes calculations
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clearer, but to get physically meaningful figures all angular frequencies must be converted to regular frequencies

by dividing by 2.

2 Analytic forms of the background of the cosine Fourier transform

The goal of this work is to derive general analytical forms of the cosine Fourier transform background in
order to be able to fit for it and therefore correct for it for simulated and real data. Analytical frequency
distributions with increasing complexity and realism will be plugged into equation (2). The analytical form of
the cosine Fourier transform in the real data is not known but a general enough background form will be a

good approximation.

2.1 Dirac delta frequency distribution

For an arbitrary frequency distribution S (w) confined within the collimator aperture at w™ and w™, we know the
form of the correction to the cosine Fourier transformation of the fast rotation signal is given by the following

equation:

Aw) =+ / " oSl =Wt —to)] ) 3)

o w — w!
We will first assume that the frequency distribution is a Dirac delta function centered at a frequency wy:
S(w) = 6(w — wo). (4)

We start with a Dirac delta function because it is the simplest function to integrate and only has a single

defining parameter which is its center. We plug the delta function ansatz into equation (3):

5wt — wo)sin[(w — w!)(ts — to)] dol — lsin[(w —wp)(ts — to)].

3
T S w—w/ v (w—wp)

The background in equation (6) takes the form of a sinc function since:

Aw) =

(ts — tO)

Aw) = sinc[(w — wo)(ts — to)]. (6)

We show in figure 2 the background for a Dirac delta function centered at the magic frequency with different
start times. The magic frequency is at 6.705 MHz. The input frequency distribution is the same Dirac delta

function each time, but the background changes with t;.
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Figure 2: Background with tg = 0 us and different values of ¢, for a Dirac delta function frequency distribution
centered at the magic frequency. Six start times are shown: (a) 5 us, (b) 10 us, (¢) 15 us, (d) 20 us, (e) 25 us,
(f) 30 us.

ws 2.2 Step function frequency distribution

106 The work done in the previous section assumed a Dirac delta frequency distribution. We can make a similar
107 derivation using a step function frequency distribution. We choose to use a step function because we are still
108 able to integrate it into equation (3) and it is a more realistic frequency distribution than a delta function since
100 the muon beam must have some spread around the ring.

110 The step function frequency distribution is defined between w; and ws where w; and ws are within the

1 bound of the collimator aperture and wy > wi. Then we have a normalized frequency distribution as follows:

~ 1 1 wi <w<ws
S(w)=— (7)
wy —wi | 0 else
112 When we plug this directly into our equation for the background correction (3):
1 “2 sinf(w — w!)(ts — to)] 1 ) )
A = dw! = ——| S — ts—to))—S — ts—t 8
@)= o [ T e = T[St t0) Sl —t0)], (3
113 where the Si function is defined as:
o
Si(z) = / SIW) 4y, (9)
0 Y
114 Using a step function frequency distribution is a large improvement from the Dirac delta function since we

s can enclose any frequency distribution within a step function as a rough approximation for the correction to
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the cosine Fourier transformation. The Dirac delta function only had a single characteristic parameter which
was its center. The step function frequency distribution has two characteristic parameters corresponding to
each bound of the step function. This additional parameter is an extra degree of freedom when fitting the

background which makes the fit work for much larger values of ¢5. Figure 3 shows the background for a step

function centered at the magic frequency with a width of 10 kHz.

—— Frequency
Background

—— Frequency 1
Background

©

|
L o

Arbitrary units
b

|
-

|
N

Arbitrary units

-

| |
N - o

Arbitrary units

|
w

- Frequency
Background

1
&

-4 T T T
668 670 672
Frequency [MHz]

664 666

-4 T T T T T T
668 670 672 674 676 678
Frequency [MHz]

674 676 678 664 666

668 670 672 674 676 678
Frequency [MHz]

664 666

Arbitrary units

(a) (b) ()
1 1 —— Frequency
Background
0 0
2 2
511 5-1
o o
e g
=] =]
- o
& 2 g 2
-3 -3
— Frequency — Frequency
Background Background
T T T T T T T T -4 T T T T T T T T -4 T T T T T T T T
664 666 668 670 672 674 676 678 664 666 668 670 672 674 676 678 664 666 668 670 672 674 676 678
Frequency [MHz] Frequency [MHz] Frequency [MHz]
(d) (e) ()

Figure 3: Background with t9 = 0 us and different values of ts for a

step function frequency distribution

centered at the magic frequency and a width of £10 kHz. Six start times are shown: (a) 5 us, (b) 10 us,
(c) 15 s, (d) 20 us, (e) 25 us, (f) 30 us.

2.3 Gaussian frequency distribution

We now consider a Gaussian frequency distribution since it is more realistic than the step function because the

muon beam for real data is smooth without the jagged corners that a step function has. We assume a Gaussian

frequency distribution centered at the magic frequency wy with standard deviation o:

.
= 20
“ V2mo? ¢

(10)

We then plug the Gaussian frequency distribution directly into equation (3):

wt

1 _(“”2_;30)2 sin[(w — wr)(ts — to)]

1
Alw) = — e
( ) T Jw— \/271'0‘2

w — w/

dw?. (11)

Physical frequency distributions must be confined within the collimator aperture since the muon beam must

exist within the ring. We assume a Gaussian frequency distribution who’s full 5-standard-deviation width is

contained within the collimator aperture. Therefore, we evaluate the integral with arbitrarily large bounds
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since the Gaussian will be close to zero outside the physical frequency range. This is necessary so that the

integral can be evaluated analytically.

Foo WEE w) —wl)(ts —t
Alw) = / 20)” sin(w — w/)(ts 0)]dw/, (12)
\/ 27‘(3 2 w — w!
and now we can evaluate the integral:
( ) ts—to +T00  (wi—wg)? )
Aw dt 202 cos(w — wl)tdw!
Y 27r3 / /
Y / TR { / O e iyt '} (13)
= - e (& 20 W
277302 0 oo

1 ts~to * wr? +(29 —it)wrtiwt —
— T2 T 2 o
= 7 2/0 dtRe{/_ e 2 20 dw/}

The inner integral can be evaluated since it is a standard Gaussian integral of a degree two polynomial. It

is solved by completing the square as follows:

02 w . - w2 —w, ts_tO 02 w, i .
A(w) = {WQT(G%*“)QJ”“M*&} = leFQO Re {/ eT(J—gfzt)QJrzwtdt}
0

s

ts—to
_— dtR
—wj wow  w — —_ io2 —
fle% Re{ %6_%_%[&{1 (w wo) —erﬁ(w wot o (ts to))}} (14)

T o2

[\]
Ea
() (V)

1 S wo)"' W —wp +i0?(ts — to)
= We’ Re{ [erﬁ( oy ) —erﬁ( = )]},

where the error function, erf(x), is defined by the following equation:

erf(z \f/ eV’ dy. (15)

The imaginary error function is defined such that: erfi(x) = —ierf(ix). The first erfi function in equation

(14) can be eliminated because i erfi (“\’/;%) will always be imaginary so its real part is zero so:

1 —(w—wp)?

- , w — wo + i02(ts — to)

Aw) = W@ 252 Re{ — zerﬁ( 52 )}
1 —tew? W — wo +i0?(ts — to) (16)
- WeTIm{erﬁ( 2072 )}

The form of the correction we derived in equation (16) is proportional to the original Gaussian frequency
distribution such that:

A(w) = S(w) Im { erfi (w — o + i (ts = to))}. (17)

202
Similarly to the step function, the Gaussian frequency distribution has two characteristic parameters corre-
sponding to the mean and standard deviation of the Gaussian. The Gaussian and step function therefore have

the same number of degrees of freedom, however a Gaussian frequency distribution is a better representative
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of real data. Featured in figure 4 is the background calculated using equation (16) with different values of ¢4

for a frequency distribution centered at the magic frequency with a standard deviation of 5 kHz.
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Figure 4: Background with tg = 0 us and different values of ¢4 for a Gaussian frequency distribution centered
at the magic frequency and a standard deviation of 5 kHz. Six start times are shown: (a) 5 us, (b) 10 us,
(c) 15 us, (d) 20 us, (e) 25 us, (f) 30 us.

2.4 Triangular frequency distribution

We can also derive the form of the correction to the cosine Fourier transform by assuming a triangular frequency
distribution. We want to do this because a triangular frequency distribution is very similar to a Gaussian
frequency distribution since we can approximately contain a triangle within a Gaussian. The benefit of the
triangle is that since it does not have to be symmetric about its center, the analytic form of the correction
incorporates asymmetries in the frequency distribution.

We assume the triangle frequency distribution to be zero outside a range of w; and we where w; and wo
are within the bound of the collimator aperture, and the center of the triangle wq is between them such that

w1 < wp < wa. Then we have a normalized triangular frequency distribution of the following form:

o= w1 <w <wo
S ! i 18
S(w) = - <
) = 5= S a<wse (18)
else

We then plug the triangle frequency distribution (18) directly into our equation (3) for the background:



Alw) = 717/_ S(w) sin[(w ;w_/)it/ —to)l , ,
B 1 wO Wl — wy sinf(w — w/)(ts — to)] oot + /"JQ wo — w! sinf(w — w!)(ts — to)] dw/]
27r(w2—w1){/wl wp — w1 w — w! wo W2 —Wo w — w!
B 1 W—wi .. Cw VS (o B cos((w — wy)(ts — tg)) — cos((w — wo)(ts — to))
- 2TF(LU2 _ wl) |:(.d0 — wy [Sl((w 1)(t3 to)) S (( 0)(t5 to))]+ (w(] _ Wl)(ts _ tO)

wo —w . , cos((w — wa)(ts — tg)) — cos((w — wp)(ts — to))
——[Si((w —w1)(ts —to)) — Si((w — wo)(ts — t — ]
wo — w2[ (( 1)( 0)) (( 0)( 0))] (WO — CL)Q)(tS _ tO)
(19)
154 The triangle frequency distribution has three characteristic parameters instead of the two which the step

155 function and Gaussian frequency distributions have. These parameters correspond to the bounds of the triangle
156 and its center. The extra parameter gives an additional degree of freedom to the background fit which is able to
157 incorporate the asymmetry of frequency distributions. This makes the triangle frequency distribution general
158 enough to approximate a frequency distribution similar to real data.

159 Figure 5 shows the background for a triangular frequency distribution centered at the magic frequency with
10 a width of 10 kHz. We can see that the form of the background looks almost identical to the Gaussian or step

161 function backgrounds.

162 In figure 6 we show the background for a triangle frequency distribution centered at the magic frequency
163 with a left bound of -10 kHz and a right bound of +30 kHz from its center. For values of ¢5 of 20 us and less,
16¢ the background remains mostly symmetric about its center. When ¢; becomes large, however, the background
165 does not obey this symmetry but instead skews to the right. This is why the step function, Gaussian, and
166 triangle frequency distributions can befitted to the background for an asymmetric frequency distribution for
167 approximately 20 us, but past this point only the triangular frequency background is able to include the

168 asymmetry.
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Figure 5: Background with tg = 0 us and different values of ¢, for a triangular frequency distribution centered

at the magic frequency and bound 10 kHz
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2.5 Discussion of other possible analytic forms

We have been able to derive the analytic form of the correction to the cosine Fourier transformation using
four different ansatzes for the frequency distribution. There are not many frequency distributions which can
be plugged into (3) to get an analytic solution. In section 4 and 5 we show how the triangular frequency
distribution can be fitted to both a Gaussian and asymmetric frequency distribution backgrounds so we have
succeeded in our goals.

A possible improvement over the Gaussian frequency distribution for fitting asymmetric frequency distribu-
tions would be to use a skewed-Gaussian frequency distribution defined by (37). Deriving a usable analytic form
of the background for a skewed-Gaussian is very challenging since we would have to integrate it in equation(3).

An other improvement could be to use instead of a triangular frequency distribution, a higher order polygon.
This complicates things however, since for each additional order of the polygon, we require an additional
parameter to be fitted. The triangle frequency distribution is the most practical since it requires the least

amount of parameters to fully describe the background.

3 Analytic background comparisons of the cosine Fourier transform

In this section we will compare how all of the analytic models for the background to the cosine Fourier transform
are equivalent when t¢ is small, but diverge for large values of t;. In appendixes B and C we show how we
can Taylor expand the different analytic forms to show how these various functions are equivalent in the limit

where tg is small and the frequency distribution is approximately symmetric.

3.1 Comparison of the delta, step, Gaussian, and triangular backgrounds

Figure 7 shows the comparison of the different analytic forms of the background to the cosine Fourier transfor-

mation derived in section 2. We normalize the background for comparison purposes.

We can see that the backgrounds almost exactly overlay with each other. It is not until late start times where
the backgrounds begin to show the forms of the frequency distributions which they came from. For t; = 30 us,
the delta function background is diverged from the step function, Gaussian, and triangular backgrounds. The
step function, Gaussian, and triangular backgrounds behave similarly at 30 us, however the triangular function
has the special feature that it can incorporate asymmetries in the frequency distribution which can not be seen

in this figure since the background is symmetric.

11
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Figure 7: Background with tg = 0 us and different values of t; for the delta function, step function, Gaussian,
and triangle backgrounds used in figures [2,3,4,5]. Six start times are shown: (a) 5 us, (b) 10 us, (c) 15 us,
(d) 20 ps, (e) 25 us, (f) 30 us.

3.2 The background cancels the frequency distribution at late start times

In figure 8 we show the background compared to the delta function, step function, Gaussian, and triangular
frequency distributions for a start time of 200 us. The amplitude of the distributions is arbitrary so we normalize
for the comparison. Note that we also do this for the delta function even though it is infinite.

We can see that using this very late start time, the background approximately matches the frequency
distribution. The cosine Fourier transformation is the frequency distribution plus the correction, so for large
start times the background completely cancels out the frequency distribution making it impossible to recover

the complete frequency distribution.

12



100 1
0.75 1
0.50 1

Arbitrary units

-0.50 1
-0.75 1
-1.00 1

100 1
0.75 A
0.50 A

Arbitrary units

-0.50 A
-0.75 1

-1.00 A
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+ 4 Monte Carlo fitting with a Gaussian frequency distribution
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Figure 9: Fast rotation signal as a function of time generated by a Monte Carlo simulation [3]. The fast rotation
signal has a Gaussian frequency distribution and longitudinal beam profile. The Frequency distribution is
centered at the magic frequency with a fractional energy offset of 0.16% and the longitudinal beam profile is
centered at 0 pus with a standard deviation of 25 ns. Four time intervals are shown: (a) 0-400 us, (b) 10-100 us,
(¢)10-30 ps, (d) 10-11 ps.
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Figure 10: The Gaussian frequency distribution and longitudinal beam profile used in the Monte Carlo fast

rotation signal shown in figure 9. (a) Frequency distribution, (b) Longitudinal beam profile.

In figures 9 and 10 we show a Monte Carlo fast rotation signal and the frequency distribution and longitudinal
beam profile used to make it. The Monte Carlo is created using the analytic form of the fast rotation signal
without noise nor statistical fluctuation [3]. We use this pristine fast rotation signal to test the background
fitting for the different functions.

In figure 11 we show the cosine Fourier transformation of the fast rotation signal for different values of .
In appendix A we discuss how the width of the frequency distributions limits how large t5 can be and still have
the approximate forms for the background to the cosine Fourier transformation be valid. For this Monte Carlo
simulation, we use a frequency distribution wider than what is found in the data since we want to find the

upper limits of ¢; that allows us to reliably recover the frequency distribution.

For large values of ¢, the background distorts the main peak of the cosine Fourier transformation and it will
no longer resemble the actual frequency distribution. This is because by t; = 20 us the width of the main peak
begins to get smaller as the background merges with it. For the small start time of t; = 5 us the background

on the cosine Fourier transformation is approximately parabolic and does not interfere with the actual signal.

The background is fitted to the cosine Fourier transformation using frequencies a distance away from the
minima which we specify in each figure. The fitted background is subtracted from the cosine Fourier trans-
formation to recover the original frequency distribution. This is the simplest way of recovering the frequency,
but we can use the full Fourier method for more accuracy [!]. The results of our analysis underperforms what
would be obtained using the full method.

Important note: In this note the E-field correction is calculated using the linear approximation [!]. For
Monte Carlo simulations the field index is arbitrary so we use a value of n = 0.1075 which to match the Run-1
60-hour data set.
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Figure 11: cosine Fourier transformation of the Monte Carlo in figure 9 using the correct value of tg with
different values of ts. Six start times are shown: (a) 5 us, (b) 10 us, (c) 15 us, (d) 20 s, (e) 25 us, (f) 30 us.

4.1 polynomial

We can Taylor expand any of the analytic forms of the background which we derived, so we know that the
background can be fitted with a polynomial for small start times. In the following equation we show how we

can Taylor expand the sine function around w = wp when |(w — wp)(ts — to)| < 1:

- lsin[(w —wp)(ts — to)]

Alw) = s (w—wp)
11 5 DM = wo)(ts — )P (s — to) g~ (1) [(w — wo)(ts — t0)]*"
_n(w—wo);) (2n +1)! T ;) (2n +1)!
(s ; to) (1- [(w — wo)g(!ts —to)]? N (Chs w0)5(!t8 —to)*  [(w— w0)7(!ts —t9)]° +.)

(20)

This is the simplest way of fitting the background since it does not require any knowledge of the shape of
the background because each coefficient of the polynomial is fitted without having to give any initial values.

In appendix A we discuss how when ¢ is small the background is approximately parabolic. For this small
start time, we only need a degree 2 polynomial to fit the background. If we use a higher order polynomial then
we can use some larger values of ;.

We show in figure 12 that the background can be fitted with a degree 6 polynomial for t; = 5 us. There

does not seem to be any downside to using more orders of the polynomial, so we use 6 terms of the polynomial
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which is more than enough.

Figure 13 shows that by 10 us, the background is too highly-nonlinear and not of polynomial form to be
fitted. To skip scraping we will have to use more sophisticated fit functions, however the polynomial fit is more
than sufficient to skip the beam-line positron contamination of the muon beam

Polynomial Fit N = 6 Recovered Frequency ts = 5.0 us

101 /| —— Background Fit 101 —— Recovered Freq
, .
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Frequency [MHz] Frequency [MHz]
(a) (b)

Figure 12: Fitting the background with a polynomial fit of degree 6 with ¢t = 5 us fitting 0.5 kHz away from

minima. (a) Fitted cosine Fourier transformation (b) Recovered Frequency Distribution.

Polynomial FitN = 6 Recovered Frequency ts = 10.0 us
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Frequency [MHz]
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Frequency [MHz]

(a) (b)

6.55 6.60

Figure 13: Fitting the background with a polynomial fit of degree 6 with t; = 10 us fitting 0.5 kHz away from
minima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -359.52 ppb.

4.2 sinc

We showed in section 2.1 that we can approximate the frequency background using a sinc function in equation

(6)-

background is arbitrary so we fit the background as the following:

This enables us to fit the background outside the signal with a sinc function. The amplitude of the
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A(w) = —Asinc[(w — wp)t],

(21)

where the parameters A, wp, and t are fitted to match the distribution. The parameter t represents ts — to.

We could include an additive constant term to the background fit as well, but it does not make any difference

on the fit as it will be fitted to nearly zero. We therefore do not included an additive constant for any of our

fit functions.

Figure 14 shows the sinc background fit for t; = 5 ps. This fits the background well with a Cg difference

of only 13.42 ppb. For large values of ¢, the background cannot be fitted as well. We show in figure 15 that

the sinc function being fitted to the background for t; = 30 us which yields a large Cg difference of 222.2 ppb.

The sinc function will outperform the polynomial fit, however still falters for values of ts greater than 15 us.

Recovered Frequency ts = 5.0

Sinc Fit
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Figure 14: Fitting the background with a sinc function with ¢, = 5 us fitting 2.0 kHz away from the min-

ima. (a) Fitted cosine Fourier transformation, Cp =

Cg = -379.70 ppb.

-378.04 ppb (b) Recovered Frequency Distribution,
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Figure 15: Fitting the background with a sinc function with ¢, = 30 us fitting 2.0 kHz away from the min-
ima. (a) Fitted cosine Fourier transformation, Cp = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -167.82 ppb.

4.3 Si

We showed in section 2.2 to be Si functions of the form in equation (22). With an arbitrary amplitude we

approximate the form of the background to be:

Aw) = —A[Si((w — w1)t) — Si((w — w2)t)], (22)

where the fit parameters A, wq, we, and t. We see in figure 16 that for t; = 5 us the background is fitted
very well with a difference in C'g of only 1.66 ppb. For t5; = 15 us as shown in figure 17, we are still able to
fit the background using with this analytic form yielding only a small Cg difference of 8.35 ppb. For t; = 30
us, the Si function fits the background decently, but there is still a large C'r difference of 154.0 ppb since the

frequency distribution includes negative values.
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Figure 16: Fitting the background with Si functions with ¢, = 5 us fitting 2.0 kHz away from the minima. (a) Fit-
ted cosine Fourier transformation, Cy = -378.04 ppb (b) Recovered Frequency Distribution, Cr = -379.70 ppb.
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Figure 17: Fitting the background with Si functions with 5 = 15 ps fitting 2.0 kHz away from the min-
ima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -369.68 ppb.
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Figure 18: Fitting the background with a Si functions with ¢, = 30 us fitting 2.0 kHz away from the min-
ima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -224.03 ppb.

4.4 erfi

We derive in section 2.3 that the background for a Gaussian frequency distribution takes the form of equation

(16). With an arbitrary amplitude we use the fit function of the following form:

—(w—wg)?

Alw) = —Ae 22  Im { erfi (

w—w io?
0—+t) }7 (23)

202

and we fit for the parameters A, o, wg, and t. Figure 19 shows that the background can be fitted well using
the erfi function for ts = 5 us yielding a Cg difference of only 1.66 ppb from the known answer. Unlike the
other background forms, we shown in figure 20 that we can fit the background using the erfi function for values
all the way up to ts = 30 us without problems. The difference in E-field correction at t; = 30 us is only 7.35

ppb, so we succeeded in our goal to use a value of ts large enough to skip scraping for this Gaussian Monte
Carlo.

We should not be too surprised that we were able to fit the background all the way up to ts = 30 us since
we are using the exact analytic form of the background for a Gaussian frequency distribution, so we are not

making any approximations in the form of the background.
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Figure 19: Fitting the background with a erfi function with t; = 5 ps fitting 2.5 kHz away from the min-
ima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -379.70 ppb.
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Figure 20: Fitting the background with a erfi function of degree 6 with ¢, = 30 us fitting 2.5 kHz away from the
minima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
Cg = -385.39 ppb.

a3 4.5 Triangular

274 In section 2.4 we showed that a triangular frequency distribution produces a frequency background of the form

275 in equation (19). When we include an arbitrary amplitude we obtain the following form of the background:

Alw) =-A4 Q[Si((w —w)t) — Si((w — wo)t)] + cos((w — wz)t)_— CO)SIE(W — wp)t)
wo w1 wo w1
LT w cos((w — wa)t) — cos((w — wo)t)

Wo — w2

22

[Si((w — w1)t) — Si((w — wo)t)] —

(wo — wg)t
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where the parameters A, wi, wa, wy, and t are fitted to the background. In figure 21 we show that for
ts = 5 us, the background is fitted well with a Cg difference of only 0.321 ppb. For ¢35 = 15 us as shown in
figure 22, the background can still be fitted using the triangle function with a Cg difference of 17.77 ppb.
When we use a very late start time like t; = 30 us shown in figure 23, the triangle function fits the background
decently, however we still get a large Cg difference of 97.22 ppb. This is similar to what happened when we

used the Si function.
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Figure 21: Fitting the background with the triangular background with 5 = 5 us fitting 2.0 kHz away from the

minima. (a) Fitted cosine Fourier transformation, Cr = -378.04 ppb (b) Recovered Frequency Distribution,
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Figure 22: Fitting the background with the triangular background with ¢5 = 15 us fitting 2.0 kHz away from

the minima. (a) Fitted cosine Fourier transformation, Cp = -378.04 ppb (b) Recovered Frequency Distribution,

Background fit Triangle, ts =15.0 us
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Cp = -360.27 ppb.
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Figure 23: Fitting the background with the triangular background with ¢t = 30 us fitting 2.0 kHz away from
the minima. (a) Fitted cosine Fourier transformation, Cp = -378.04 ppb (b) Recovered Frequency Distribution,
Cp = -280.82 ppb.

5 Monte Carlo fitting with an asymmetric frequency distribution

We also want to test if the frequency background can be fitted using an asymmetric frequency distribution. In
figure 24 we show how the recovered frequency distribution for the Run-1 60-hour data set is asymmetric. We
will use the asymmetric frequency distribution shown in figure 24 which is used to generate the fast rotation
signal with a realistic longitudinal beam profile shown in figure 25.

This Monte Carlo also has statistical uncertainty with it which makes the cosine Fourier transformation
have a lot of statistical fluctuations when ¢, is large. This is because the muon beam is completely debunched
around the ring by 100 us of the fast rotation signal, so skipping a large part of the fast rotation signal where
the muon beam has not yet debunched severely limits the statistics of the cosine Fourier transform. This can
be seen in figure 26 since when ts is 15 ps or less the cosine Fourier transformation is smooth, but for larger
values of ts there are large statistical fluctuations.

We are now using an asymmetric frequency distribution, so we do not optimize for ¢y for each values of ¢,.

We instead find ty once for t; = 4 us and then fix the value.

24



T T T T T Lo
12— =
10 — 08
2 C ]
€ - 4 2
5 8: ] € 06
g 6 rC collimators collimators 7 2
o
= ~ aperture aperture — 5
e} C 7 5 04
< 4= - <
2F 3 02
et . . ... et 0.0
6640 6660 6680 6700 6720 6740 6760 6780 Gtd 66 668 670 672 6ya 678 678
Frequency [kHz] Frequency [MHz]
(a) (b)

Figure 24: (a) This is the recovered frequency distribution of the Run-1 60-hour data set (b) a similarly

asymmetric frequency distribution to be used in a Monte Carlo simulation.
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Figure 25: A fast rotation signal generated using a Monte Carlo simulation [1]. Four time intervals are shown:
(a) 0-400 ps, (b) 10-100 ps, (¢)10-30 us, (d) 10-11 us.
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Figure 26: cosine Fourier transformation of the Monte Carlo simulation from figure 25 using a fixed value of
to and different values of t5. Six start times are shown: (a) 5 us, (b) 10 us, (c) 15 us, (d) 20 us, (e) 25 us,
(f) 30 us.

5.1 Fit comparison

We show in figure 27 how the background can be fitted for using any of the fit functions for t; = 5 us. When we
use a larger start time like t; = 15 ps shown in figure 28, the polynomial can no longer fit the background since
it is highly non-linear and no longer takes a polynomial form. The sinc function is also ineffective at fitting the
background because approximating the frequency distribution to be a delta function is no longer valid. For t5; =
25 us shown in figure 29, the erfi and the Si functions can no longer be fitted to the background either since the
approximation that the background is a Gaussian or a step function is no longer valid since neither a Gaussian
or a step function can account for asymmetries. We see in figure 30 that the triangular background fit, on the
other hand, can fitted to the background all the way up to ts = 30 us since the triangular background can
account for asymmetries in the frequency distribution. For ¢t = 30 us, however, large statistical fluctuations
limit the ability to reasonably recover the complete frequency distribution. While the background can be fitted

decently, we show in the next section how the recovered E-field cannot be properly recovered.
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Figure 27: Fitting the frequency background 1.5 kHz away from the minima with t; = 5 ps. The five fit

functions are shown: (a) erfi, (b) Si, (c) triangle, (d) sinc, (e) poly.
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Figure 28: Fitting the frequency background 1.5 kHz away from the minima with ¢t = 15 us. The five fit

functions are shown: (a) erfi, (b) Si, (c) triangle, (d) sinc, (e) poly
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Background fit Erfi, ts = 25.0 us
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Figure 29: Fitting the frequency background 1.5 kHz away from the minima with t; = 25 ps. The five fit
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functions are shown: (a) erfi, (b) Si, (c¢) triangle, (d) sinc, (e) poly.
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Figure 30: Fitting the frequency background 1.5 kHz away from the minima with ¢t = 30 ps. The five fit
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functions are shown: (a) erfi, (b) Si, (c) triangle, (d) sinc, (e) poly.
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5.2 E-field comparison

We showed in the previous section how the background can be fitted for different start times. In figure 31 we
show how the difference in the recovered E-field and the actual E-field corrections change with increasing values
of ts.

The polynomial fit can recover the E-field correction up to about 10 us before it can no longer be fitted to
the background. The sinc fit is valid for about 13 us. The erfi and Si fits are valid up to about 23 us before
they completely break down. The triangular fit we can see has an E-field difference of about 200 ppb by 30 us
which is due to the large statistical uncertainty of the Monte Carlo simulation for this large value of ¢,.

This means that all of the fit functions are valid for t; of up to almost 10 us for a realistic Monte Carlo
allowing the beam-line positron contamination of the muon beam to be skipped. With higher statistics and
using the full Fourier method, the triangular frequency distribution may be fitted to the background all the
way up to 30 us allowing us to skip scraping entirely. We can confidently recover the frequency distribution for
ts = 25 us and the effects of scraping is probably negligible between 25 and 30 us since there is more scraping

in the beginning of the fast rotation signal.
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Figure 31: The difference in the recovered and actual E-field correction vs start time. Five different fit functions

are used: (a) erfi, (b) Si, (c) triangle, (d) sinc, (e) poly.
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Figure 32: The difference in the recovered and actual E-field correction vs start time with all 5 different fitting

functions.

6 Conclusion of background fit method

We derived the analytic form of the frequency background for delta function, step function, Gaussian, and
triangular frequency distributions, and we used these equations to fit the background and subtract it from the
cosine Fourier transformation to obtain the corrected frequency distribution. Using the analytic form of the
Gaussian, we were able to correct for the missing time all the way up to ts = 30 us for a Monte Carlo fast

rotation signal with Gaussian frequency distribution succeeding in the goal of skipping scraping.

When we use a more realistic asymmetric frequency distribution with statistical fluctuations for the Monte
Carlo, we were able to use the analytic form of a triangular frequency distribution to fit the background decently
all the way up to ts = 30 us. At this late start time the frequency distribution cannot be accurately recovered
still mostly because of the statistical uncertainty of the Monte Carlo fast rotation signal. We can confidently
confidently recover the frequency distributions values of ts as large as 25 us allowing us to skip almost all of
scraping since scraping is probably negligible between 25 and 30 us.

To see the background being fitted using the full Fourier method [1] including estimations of statistical and
systematic uncertainty on real data sets refer to [6],[7],[3],]9], and Monte Carlo data sets [10]. When we use the

full Fourier method we are able to fit the background even more accurately.

7 Integral approach to the frequency background

We showed in previous sections that the frequency background can removed by fitting for the background and
then subtracting it out to obtain the real frequency distribution. An alternative approach to this method is to

directly calculate the background by plugging the frequency into equation (2).

7.1 Lifting the frequency distribution

This method is what is used by [5]. The dilemma with this approach is that to calculate the background, we
must know the complete frequency distribution, and our goal is to find the complete frequency distribution in

the first place. We get around this by using an approximate frequency distribution to plug into our background

30



344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

equation. We take the normalization of the background to be arbitrary, and we also add an additive term to

get the following form for the background:

w — wl)(ts — t[))]
w — w!

Alw) = A / o S(wr) sin|( dw! + B, (25)

where we optimize the parameters A and B to fit the background. The additive term B will end up being
very small and we only include it since it is used in [5]. Since we do not have the real frequency distribution,
S (w) is an approximate frequency distribution. The approximate frequency distribution is chosen by looking
at the two minima of the cosine Fourier transformation which will be located on each side of the maximum of
the cosine Fourier transformation. The values which are between the minima are considered to be the signal,
so we take the average of the minima’s bin contents and then add this to the cosine Fourier transformation in
order to lift the distribution up to the x-axis. All points outside the minima are set to 0. This works for small
values of t5 when the signal is much larger than the background, however we know that for large values of ¢4
the signal and background completely merge.

Figure 33 (a) shows the cosine Fourier transform with vertical lines at the minima. The cosine Fourier
transformation is lifted up to the x-axis and the frequency bins outside the minima set to zero which is shown in
figure 33 (b). The background is calculated numerically using equation (25) with S(w) being the approximated
frequency distribution shown in (b).

We see in (c) that the background of the cosine Fourier transformation fits our numerically calculated
background well for this small value of t5. In (c) the comparison of the recovered and simulated frequency
distribution is shown. The two have only a small 3.43 ppb difference. In figure 34 we see that for t; = 8 us the
integral method no longer matches the background well and we get a E-field difference of 18.89 ppb. We can

see in (b) that part of the frequency distribution is in the negative.
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Figure 33: Integral method for t; = 4 ps. (a) The cosine Fourier transformation of the fast rotation signal

with the vertical lines showing the minima, (b) The approximated frequency distribution found by lifting the

cosine Fourier transformation, (¢) The cosine Fourier transformation with the calculated background, (d) A

comparison of the recovered and simulated frequency distributions. A recovered E-field correction of -374.61 ppb

and simulated value of -378.04 ppb.
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Figure 34: Integral method for t; = 8 us. (a) The cosine Fourier transformation with the calculated background,
(b) A comparison of the recovered and simulated frequency distributions. A recovered E-field correction of
-350.15 ppb and simulated value of -378.04 ppb.

7.2 Iteratively approximating the frequency

In the last section we use an approximate frequency distribution to plug into equation (25) for the background.
We can use an iterative process with each iteration using the corrected frequency distribution found in the
previous iteration as the approximate frequency distribution to plug into the equation. We always add the
correction to the original cosine Fourier transformation, and then use this to as this to calculate the background
for the next iteration.

We need to choose S (w)o which is plugged in for the first iteration of the background. We could use the
same approximated frequency distribution we used in the last section by lifting the frequency distribution, but
the advantage of the iterative approach is that this is not necessary because the background is self corrective.
since the background is self corrective it does not matter much what distribution you start with. Here we
start by plugging in the actual cosine Fourier transformation in for S (w)o, and we still recover the frequency

distribution. We then define the iterative definition of the corrected frequency distribution by:

g(w)i—H _ S(w)o LA wt g(w/)iSin[(w — w/) (ts — tO)] dw! + B;, (26)

o w — w!

where the constants A and B are optimized for each iteration. In figure 35 we show the first two iterations
for calculating the background. For just one iteration when we use the cosine Fourier transformation as the
approximate frequency distribution to calculate the background, we get a recovered Cy = -384.03 ppb compared
to the actual Cg = -378.04 ppb which is 5.99 ppb apart. For iteration two we get a recovered C'p = -379.22 ppb
which is only 1.18 ppb away from the actual C'r. For small values of ¢ the iterative process converges after
only 3 iterations. This can be seen in figure 36 where we show the difference in C'r between the recovered and
actual frequency distributions. After only 3 iterations the Cg difference is flat as the frequency distribution

converges to a value.
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Figure 35: Iterative integral method for t; = 4 pus. We start with the cosine Fourier transformation as an
approximate frequency distribution to find the background. Then each iteration is used as the next approx-
imate frequency distribution for calculating the background. (a) The cosine Fourier transformation and the
calculated background for iteration 1, (b) A comparison of the recovered and simulated frequency distributions
for iteration 1, (c¢) The cosine Fourier transformation and the calculated background for iteration 2, (d) A

comparison of the recovered and simulated frequency distributions for iteration 2.
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Figure 36: This is the difference between the actual and recovered E-field correction for each iteration using the
iterative integral method with t; = 4 us. The Cg difference flattens after only a couple of iterations showing

the convergence of the frequency distribution.
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For larger values of t; we need more iterations to get an accurate background. Fgure 37 shows the cosine
Fourier transformation and the calculated background for the first 4 iterations of the background calculation.
For large values of g, the first two iterations of the background do not match the background much at all, but
by the fourth iteration our calculated background has begun to converge close to the actual background of the
cosine Fourier transformation. In figure 38 the background is shown after 100 iterations, and the calculated
background is very close to the cosine Fourier transformation background. There is no disadvantage to using
more iterations so 100 iterations are used even though the background converged long before 100 iterations.

Despite our fit looking decent, the frequency distribution is not exactly recovered since it is slightly lopsided.
We get a recovered Cg = -341.98 ppb which is 36.06 ppb away from the actual E-field correction. If we compare
the background we get in figure 38 (a) to the background obtained in figure 34 (a) we see that the background
for the iterative method is much closer to the cosine Fourier transformation, although the recovered frequency

distributions are similarly off. In figure 39 we show how the C'g difference does not change after just 5 iterations.
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Figure 37: This is the cosine Fourier transformation and the calculated background for the iterative in-
tegral method with ¢; = 8 ps. Four iterations are shown: (a) Iteration 1, (b) Iteration 2, (c) Iteration 3,

(d) Iteration 4.
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Cosine Transformation and Background Recovered Frequency ts = 8.0 us
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Figure 38: This is the cosine Fourier transformation and the calculated background for the iterative integral
method with t; = 8 us after 100 iterations. (a) The cosine Fourier transformation and the calculated background,

(b) A comparison of the recovered and simulated frequency distributions.
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Figure 39: This is the difference between the actual and recovered E-field correction for each iteration using

the iterative integral method with ¢, = 8 us.

x» 8 Conclusion of integration method

37 The integral approach is not as effective as fitting the background to the cosine Fourier transformation since it
308 relies on knowledge of the frequency distribution. The goal when fitting for the background is to use a general
390 enough analytic form so that the background can be fitted regardless of the form of the frequency distribution.
200 The integral method is not as general since we have to figure out the form of the frequency distribution in order
401 to make the correction.

402 We could improve this method by using the recover the frequency distribution for ts = 4 us ,and then use
403 this as the approximate frequency distribution for higher values of t;. The iterative approach would still fail,
204 however for large values of ;.

405 It is possible the integral method could be developed to a point where it can compete with the fit method,

36



406

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

but as it currently stands it cannot be used to skip scraping. The integral method can still be useful however
since it can use this method in conjunction with the fit method for t; = 4 us as a way of checking that the
background is properly eliminated for real data when we the real frequency distribution is unknown, and then
use difference in the recovered E-field correction between the two methods can be considered a systematic

uncertainty of the Fourier method.

Appendices

A  When is t, small?

We consider ts to be small when we can Taylor expand the sin function in (3). This is possible when
|(ts — to)(w —w/)| < 1. The w — w/ is only relevant where the frequency distribution S(w) is non-zero so
this is approximately when the frequency is within a few standard deviations from the frequency distribution.
If we assume that the full 5 standard deviation frequency distribution is confined within the collimator aperture,
then ¢4 is small when 5(ts — tg)o < 1. Values of ¢y are much smaller than ¢, since ¢y is between 0 and 150 ns
while t; will be at least 4 us, so we define ts to be small explicitly when 5t30 < 1. This makes it so that we
the background can be fitted for higher values of t5 when the frequency distribution has smaller width.

For small enough values of ts, the background is approximately a parabola. We can see this in figure 40
where we show the background for a Gaussian frequency distribution for a value of t; = 4 us. We show explicitly
in section 4.1 that the we can Taylor expand the background itself for small values of 5. Other forms of the

frequency background require less approximations to be made so we can use much higher values of ts than 4 us.
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Figure 40: Frequency background from a Gaussian frequency distribution with tg = 0 pus and t5 = 4 us.
The vertical lines are the bounds of the collimator aperture. For this small value of ¢5 the background is

approximately parabolic.

B Approximating the step function to be a (Gaussian

We want to show that we can use the form of the background distribution which we found in section 2.3 and 2.2
when the frequency distribution is Gaussian or skewed Gaussian. This also includes the triangular frequency
distribution because if the step function background can be used to approximate the Gaussian background then

the triangular background can certainly do it too. This justifies what was shown visually in figure 7 that the
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429 Gaussian, step function, and triangular frequency distributions all produce approximately the same background

a0 for small values of ¢,.

a1 B.1  Gaussian frequency distribution

422 We start by Taylor expanding the Gaussian frequency distribution and plug into the equation for the correction
433 of the cosine Fourier transformation to show that in the limit when ¢4 is small the Gaussian frequency is has

434 the same form as the step function:

~ 1 (w—wp)?  (w—wp)?
S(w) = 1- o). 27
(W) = o= o R ) (21)
435 Then we can plug in the Taylor expanded series into our equation for A(w):
Alw) = 1 /w+ 1 (1- (wr — ;’0)2 (w! — wp)* ”.)Sin[(w —wn(ts —to)] ,
T Jo- V2ro?2 20 8ot W — w!

—wp)? N (w! — wp)* n sin[(w — w/)(ts — to)] d

- o= /w+<1 w )
V2302 - 202 o w — w!

wl.
(28)
436 When we integrate these first terms we get:
Aw) = —oms [Silw = w70 = 10) = Si(lw = )t~ 10)

w—wp)?

+ O i — ) (ks — 10) — Si(( — )~ 10)

Jrsin[(w —w)(ts —to)] + (ts —to)(w+ w™ — 2wo) cos[(w —w™)(ts —to)] sin[(w — wh)(ts —t0)] + (ts — to) (w + wT — 2wp) cos[(w — wt) (ts — to)]
202(ts — to)? 202(ts — to)?

(w— u10)4 . — . +

+ TSZ((W —w )(ts —t0)) — Si((w — w™)(ts — to)

((ts — t0)?[(6wd — dwo(w + 2w ™) + (w? + 2w~ w + 3w? )] — 6) sin[(w — w™)(ts — to)]
8 (ts — to)*

((ts — t0)?[(6wd — dwo(w + 2wT) + (w? + 2wt w + Swi)] —6) sin[(w — w)(ts — to)]
8 (ts — to)4

(ts — to)[(ts — t0)?[ — Awd + bwo(w + w™) —dwo(W? +ww+ w2 )+ w3 +w w? + w2 w+ w3 | — 2w — w™ + 8wop] cos[(w — w™)(ts — to)]
8 (ts — to)4
B (ts — to)[(ts — t0)?[ — 4wl + 6wo(w + wT) — dwo (w? + wFw + wi) +wd +wtw? + wiw + wi] — 2w — wt + 8wo] cos[(w — wT)(ts — to)] +] .
804 (ts — to)4

+

+

(29)

437 This looks like a complicated equation for the correction, but we can make some approximations to show
43s  that the complicated sine and cosine terms are small compared to the Si terms. If we just look at the second

439 term in the expansion:
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dw! =

@ (Wl — wp)? sinf(w — w ts —t
Aw)s = /w_ ( ’2020) I - —/)U(J/ 0)
1w w081 — )t~ 1) — Si((w — )t — )]
n sinf(w —w™)(ts — to)] + (ts — to)(w + w™ — 2wp) cos[(w — w™ ) (ts — to)]
(ts - t0)2
_ sinf(w — wh)(ts —to)] + (ts — to)(w + w™ — 2wp) cos[(w — w™) (ts — to)]]
(ts - t0)2 .

(30)

We make the assumption that |(w — w™)(ts — to)] and |(w — w™)(ts — to)| are small quantities such that
we can invoke the small angle approximation sin(z) ~ z and cos(z) ~ 1 for |x| < 1. Then we can say that
sin[(w—w™)(ts—to)] & (w—w™)(ts—to), sin[(w—wT)(ts —to)] = (w—wT)(ts—to) and cos[(w—w™)(ts—to)] ~ 1,
cos[(w —w™)(ts — to)] & 1. When we make this assumption in for A(w)s, the second term in the background

Taylor expansion, we get the following cancellation:

dw! =~

A(w)s = / (w — wp)? sin[(w — wh)(ts — to)]

o 202 w—wl
oo (w0 — )8 — w70 — 1)) — Si((w — )t — 1)
N (W—w)(ts —to) + (ts —to)(w+w™ —2wp) (w—wh)(ts —to) + (ts —to)(w + w’ — 2w0)]
(t: = to)? (1 — t0)?
L — wo)8i((w — w7 )t — t0)) — Si((w — W)t — to))]

[(w—w )+ (w+w —2w)] — [(w—wh) + (w+wh —2wp)]

_l’_

(ts — to) }
1 . _ . 2(w — wp) — 2(w — wo)
= 5 [ = w0)[Sil(w — w7 )t — t0)) = Sil(w - w*)(ts — t0))] + (35 = )
W — wp)?
= (2020)[81((00 — w7 )(ts — to)) — Si((w — wh)(ts — to)),

(31)

so the sine and cosine terms have been eliminated. We also want to make sure that the Si terms do not
cancel like the sine and cosine terms do under the small angle approximation. The Si function has a Taylor
expansion like where Si(z) = z —x3/18 +2°/600 + ... , and we can then make the approximation that Si(z) ~ =

for |z| < 1.

We can check now that under this approximation the Si terms does not cancel:

39



450

451

452

453

454

455

456

457

458

461

462

463

“ T (Wl — wp)? sinf(w — w s —
A(W)2:L (’2020) [( w—/)u(;t/ to)] -

_(w—wp)?

N lw = W)t —to) — (W —wh)(ts —to)]
_ (s —to)(wh —w ) (w — wp)?
B 202

(32)

This term has nontrivial w dependence in the approximation so the Si terms cannot be left out. So in the

small angle approximation we eliminate the sine and cosine terms but leave the Si function so that:

Aw) & = [Sil(w w7t — ) = Si(w ~ )t — )
w — W 2
( 202°> Sil(w = w7)(ts — t0)) = Si((w = w")(ts — o))
(w—wp)?

(33)

When we group the Si terms together we get:

_ 1 (w—wo)? | (w—wo)!
Alw) = V2302 (1= 202 + 8ot

and we have recovered the Taylor series for the Gaussian so we can restore our original signal:

+ ) [Si((w — wT)(ts — ) — Si((w —w™)(ts —t0))],  (34)

A(w) = ﬁe—(“;@“)g [Si((w — w™)(ts — t0)) — Si((w — w)(ts — t0))]. (35)

We have shown that for a frequency distribution S(w) which is Gaussian, we the correction take the following

approximate form:

Alw) = 1/ S(wr) sin{(w — wr)(ts - to)]dw/ ~ —S(w) [Si((w—w™)(ts — to)) — Si((w —wh)(ts — t0))]. (36)

1
T Jo— w — w! us

This is the same form as when we used a step function as our frequency distribution, since if we plugged
in the step function in equation 7 in for S(w) then we would recover the exact equation (22) for the frequency
background found using the step function. This means we can use the step function approximation of the

frequency distribution to fit the frequency background even for the Gaussian frequency distribution.

B.2 Skewed Gaussian frequency distribution

We can now try using a skewed Gaussian so that we do not have an even frequency distribution If we assume
a skewed Gaussian frequency distribution centered at the magic frequency wg with a standard deviation ¢ and

now we define the skew of the Gaussian as «:
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- 1  (w—wp)? a(w — wp)

S(w) = e 202 [l+erf . 37
©)= 7 1+ e ) (37)
464 Then we plug into the equation for the correction to the cosine Fourier transformation:

dw!

AL /w+ L ) [ty P

1 M a(w! — wo) . sin|(w — w/)(ts — to)]
14-erf

T Ju- w— w! W/w— et V2o ) W

wt wt

_ 1 [/ . <w/2gwo> sin[(w — wr)(ts — to)]dw/Jr/ e,(w;;oﬁ erf(a(wl - wo))sin[(w —wl)(ts — tO)]dw/].

2352t ) - w—w! w V20 w —w/

(38)
465 The first term we get is exactly the same term we solved for in the case of the Gaussian frequency distribution
466 with our earlier approximation so we already know the answer to that and can plug in:
1 (w/ w0)2 _ . +
Alw) ® ——==e~ [Si((w = w™)(ts — to)) = Si((w — w™)(ts — t0))]
2302
wi—wg)? ! — i —wl)(ts —t
/ —lermen erf(a(w wo))sm[(w w/)(ts 0)]dw/}
V20 w—w/
(39)
467 We can try and figure out what the second term by assuming that the erf function is small. The Taylor
468 expansion of the erf function is as follows:
3 5 7

)n 2n+1 9

erf(x \FZ en T ) :ﬁ(ﬂ”—EJFE_@J“')’ (40)

460 and since w/ is bounded w™ < w/ < w™, we can say that the argument of the erf function a(“\g:’o) is small

(DJ/*WQ)

470 for small a. Therefore, when ~ 1 and |a| < 1 we can make the approximation that:

a(w —wo), 2w —wo)
T] R (41)

471 In this small skewness limit, we can plug this approximation into the equation for the correction:

erf]

A(w) ~ 2;3 [e S [Si((w — w7 ) (s — t0) — Si((w — wh)(ts — t0))]
wh _(ermwo)? 2 a(w! — w) sinf(w — w/)(ts — to)]
+1[; e 20 ; . 0 o — ! 0 dw!
~ 2; ST [Si((w — w) (s — t0)) — Si((w — w ) (ts — t0))]
# /: o~ (wr — wo)sm[(w ;w_/)gs —t0)] g,

(42)
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472 We can then Taylor expand the Gaussian as we did before for the case of a Gaussian frequency distribution:

Aw) ~ \/271T.26_%:20) [Si((w — w ™) (ts — to)) — Si((w — wh)(ts — to))]
+ # /: R (w! — wo)Sin[(w ;w_,)iis —t0)] 4y

- 2i302e%c3‘” [Si((w — ) (ts — t0)) — Si((w — wh)(ts — to))]

+ WQO;Q /w (1- (w/;g;uo)2 + <W8_UZUO)4 + ) (wr = wo)sm[(w ;w_/)g/s — ZL'O)]dw/
- 2;3026(“'2;3“ [Si((w — ) (ts — to)) — Si((w — wb)(ts — to))]

« wt wl —wp)? wl — wp)? sinf[(w — w/)(ts —

+ 202 /. [(w —wo) — ( /202 0) ( /8040) - I " _/)j; to)]dw/
_ \/271Tc2 e ST [Si((w — w7 ) (ts — to)) — Si((w — wb)(ts — to))]

« ) _ ] cos[(w — w™)(ts — —cos[(w —wT)(ts —
b | )i — )t~ t0) = il — (e, — )]+ TN ] Sl )t Z o)
b o[~ w08 — w7t — 1)) — Si((w ~ )ty — o)

(w +2w™ — 3wp) sin[(w —w™)(ts —to)] (W +2w™ — 3uwy) sin[(w — wh)(ts — to)]
(ts - t0)2 (ts - tU)Q
N ((ts — t0)?[3wd — 3wo(w™ + w) + (W2 + w™w + w?)] — 2) cos|(w — w™)(ts — to)]
(ts - t0)3
B ((ts — t0)?[Bwd — Bwo(wT + w) + (W + wTw + w?)] — 2) cos[(w — wT)(ts — to)] @
(ts - t0)3
473 This equation for the correction looks complicated, but we can simplify the sine and cosine terms just

a2 like we did for the case of a Gaussian frequency distribution. We do this by making the assumption that
a5 |(w—wh)(ts —to)] < 1 and |(w — w™)(ts — to)] < 1. Then we can make the small angle approximation in the

476 sine and cosine function like we did before to show that the sine and cosine terms are small compared to the Si

477 terms. If we just look at the first term:

(44)

Alw) = 7T2o;2 /“’ (wr — wo)sin[(w ;w_/)fjs — to)]dw/
- cos|(w —w )({ts — —cos[(w —wh)(ts —
= 22 [W—%)[Si((w—w)(ts )~ Si((w ety — to)] + 2L = t?t)j %) ! )(ts — to)]
478 Then we can set cos[(w —w™)(ts — to)] ~ 1 and cos[(w — w™)(ts — to)] ~ 1 so that now:
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479

480

481

482

483

484

485

487

488

489

491

492

493

494

AWw)r = — /w+ oSl =N s —to)] )

o w™ w — w!
- 7T20;.2 [(w — wo)[Si((w — w7 )(ts — to)) — Si((w — w)(ts — 750)]} .

(45)

The first term of the expansion will be small compared to the Si terms, so we can eliminate the sine and

cosine terms. We can then restore the Gaussian from its Taylor series:

Aw) ~ 2;302@%52“ [Si((w — w™)(ts — to)) — Si((w — w*)(ts — t0))]
@ w — wp)? w —wp)?
o | (=) = 50 0 iSi(w — )t~ t0) = Sil(w = )t~ 0]

1 _(w-wp)?

=——e€ 22 [Si((w—w)(ts —t0)) — Si((w—wh)(ts — t0))]

_ (wr—wg)?

+ 23 {@ —wo)e 2 [Si((w — w7 (s — t0)) — Si((w — wh)(ts — 750)]]

(o 2@ 0y e G ) — ) — Si(w — ) (e — )]

(46)

This is the form of the correction for small skewness |a| < 1. Notice when ov = 0 then the equation for the
correction of the Gaussian is restored. We can see that we get approximately our original frequency distribution

times the Si terms back because of the following:

Aw) ~ i(\/;?u + a(‘*:f;:()) e TTE ) [Si((w — w )t — o)) — Si((w — W)t — )] (47)

We recognize the first part of the equation as our original frequency distribution. If we have a frequency

distribution S (w) which is some Gaussian distribution with a small amount of skewness, then we can expect to
get a correction of approximately proportional to the distribution. This matches the results of what we got for

the case when S(w) is a pure Gaussian:

Aw) =2 [ n = 210y LG [Si((w w7t~ 10) — Sill )k 1), (49

for |(w—w™)(ts —to)] < 1 and |(w—w™)(ts —to)| < 1 with skewness |a| < 1. Like we said for the Gaussian
frequency distribution if we make the frequency distribution into a step function with some bounds within
the collimator aperture, then we recovered the exact result of the background for the step function frequency
distribution. This means that even for a slightly skewed Gaussian distribution we can use the Si functions to
approximate the background. since we know the step function and Gaussian backgrounds are almost the same,
we can also know that a Gaussian frequency background can be used for a slightly skewed Gaussian for small

start times.
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The triangular fitting function will work better for a skew Gaussian because the triangular frequency
distribution can be asymmetric so we do not have to make the assumption that |a| < 1. This is why the
step function, Gaussian, and triangle frequency distributions all yield equivalent fitting for an asymmetric
frequency distribution up to about 20 us after which the approximation breaks down and the triangle frequency

distribution is superior since it relies does not rely on the assumption that |o| < 1.

C Approximating the step function to be a Dirac delta function

The background for a delta function frequency distribution is the same as the other frequency distributions for
small values of t; shown in figure 7. In the last appendix B we showed that we could use the Gaussian and
Step function backgrounds to either a Gaussian or skew-Gaussian frequency distribution when ¢ is small.
Here we will show that the step function and the delta function frequency distributions also has the same
approximate form when ¢4 is small. This is not surprising since the delta function is a step function with infinite
hight and infinitely small width. We also showed that the step function, Gaussian, and triangle functions are
all similar, so in the limit where the frequency distribution is approximately symmetric and ¢4 is small, all of

the fit functions used are approximately equivalent.

C.1 Spherical Bessel function

We can approximate the Si function as a sum of spherical Bessel functions [11]:

Si(22) = 22 3 [jn(@)]2, (49)
n=0

where j, is the nth spherical Bessel function defined by the following:

, 1 d ,sin(z)
" — (_\P( n 50
nla) = (=) (5 I (50)
The first three spherical Bessel functions of the first kind will be the following;:
. sin(x)
= 51
Jo - (51)
. sin(xz)  cos(z)
= - 2
J1 = - (52)
_ 3 sin(x)  3cos(z)
=(—=—1 - .
J2 (:E3 ) T 72 (53)
(54)

With the assumption that our argument of the Si function |(w—w™)(ts—tp)| < 1 and |(w—w™)(ts—to)| < 1

then we can approximate the summation to only include the first spherical Bessel function jo such that:

Si(z) ~ xjo(x/2)? = xsinc(z/2)? = 2sin(z/2) sinc(z/2). (55)
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si5 C.2  sinc background approximation

sis  We can plug in this the approximation in equation (55) into our approximate equation for the background with

si7 - Gaussian frequency distribution (36):

Alw) =L /‘” S e ;“’_’)ﬁ — )l s ~ %S(w)[Si((w — W) (ts — to)) — Si((w — w)(ts — t0))]
-2 (w—wh)(ts — to)

(w = w")(ts — to) (w — w™)(ts — to)

. . : - (w—wT)(ts —to)
~ —S(w)|sin] 5 ] sinc| 5 ] — sin| 5 | sinc| 5 - 1]

(56)

518 We can see that the correction term is proportional to a sinc but we can further simplify to:

1 [ i —wh)(ts —t 15
Alw) = / S S0l =Nl Z )] gy o L&) TSi((w = w7 ) (s = t0)) — Si((w — w ) (Es — to)]
T Joo— w — w/ s
2 - —wh)(ts —t —wh)(ts —t —w)(ts —t —w)(ts —t
~ =2 () [sin( s ~t0)y g o @) — o)y gl e s — o) g — w7 ) — o)y
T 2 2 2

(57)

519 Then when we use the exact form of the background of the step function frequency distribution (22):

. (wr4w™)
1sin|(w — ~——5—%))(ts — ¢
(w—"5—)
520 We restrict the bounds from the collimator aperture wt and w™, to two points inside it, denoted as ws and
21 w1, to get a generalized equation:
: (w24w1)
1s — =) (ts — t
Aw) ~ = inf(w 2(w2+3u)1() s ~to)] (59)
(w—"57)
522 If our distribution is symmetric about some frequency wg such that % = wy then we can rewrite the

53 background to explicitly show it is a sinc function:

A(W) ~ lSin[(w - wO)(tS - tU)]’ (60)

™ (w —wo)

524 which holds so long as |(w — wp)(ts — to)] < 1. We can then conclude that for sufficiently small values of
s tg, we can use the sinc function to fit the background, even when the frequency distribution is Gaussian or
526 skew-Gaussian, since the Si functions are approximated to be the sinc function , and we showed in section B
57 that the Si function can be fitted to Gaussian or skew-Gaussian frequency distributions.

528 For a highly asymmetric frequency distribution, we can fit the background of the cosine Fourier transfor-
520 mation with a sinc function for at least the first 10 p, and with Si and erfi function for at least 20 us, but
530  for greater values of t; the triangle frequency distribution is superior since it does not assume the frequency

531 distribution is approximately symmetric.
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