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How do we determine that shift ?

• Origin of Efield and pitch contributions
• Approximate Formulation – How do we quantify the effects?
• g-2 Ring model dependent uncertainties
• Measurement

o Methods
o Results
o Uncertainties
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What is the contribution of electric field and pitch to the measured precession frequency?

We measure the rate of change of the projection of the polarization on the velocity

(11.171)
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Pitch and Efield Systematics

Pitch

Our unperturbed system is a muon precessing in a uniform magnetic field with zero electric field. We

use a cylindrical coordinate system where B = Bẑ. The rate of change of the polarization with respect

to the muon velocity is described by Jackson 11.171

d

dt
(�̂ · s) = � e

mc
s? ·
ï
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Å
aµ � m2c2

p2

ã
�E

ò
(1)

Our trial solution for time dependence of the polarization in the ⇢,� plane is s = |s|(cos!at⇢̂+sin!at�̂)
where in the unperturbed system �̂ = �̂. We find that

s? = s� (�̂ · s) · �̂ = |s| cos!at⇢̂

and

�̂ · s = |s| sin!at

Substitution into 1 with the above assumptions gives us

!a =
e

mc
aµ

So far so good.

Now we consider the effect of perturbing the system so that �̂ has a component along the z-direction.

�̂ = cos �̂+ sin z

where  is the angle of the trajectory with respect to the ⇢ � � plane. We suppose in the spirit of

perturbation theory that substitution of the unperturbed solution into the differential equation that

includes the perturbation will give us the change in !a, that is !a ! !a +�!. Then

s? ! |s| cos(!a +�!)t⇢̂

and

�̂ · s ! |s| sin(!a +�!)t

Substitution of the trial solution gives
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Rewriting so that the perturbation is explicit

d

dt
(|s| sin(!a +�!)t) = � e

mc
|s| cos(!a +�!)t

h⇣g
2
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⌘
(|B|� |B|(1� cos )
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In a uniform field where                                   and                , 
z

f

r

B = Bẑ
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Pitch is that component of velocity parallel to     B
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How much is the frequency shifted due to the pitch?
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<latexit sha1_base64="ZAMPqp9XligpUS7Tt8WpPfi7o08=">AAACGXicbVC7SgNBFJ31GeMrmtJmMQSskl0RTBmwsYzgJoFsDHcnk2TI7IOZu0JY0vkRgpX+iY2IrZV+gF8g1s4mETTxwMC559zDXI4XCa7Qst6MpeWV1bX1zEZ2c2t7Zze3t19XYSwpc2goQtn0QDHBA+YgR8GakWTge4I1vOFZ6jeumVQ8DC5xFLG2D/2A9zgF1NKVOwBMXM93PYYw7uQKVsmawFwk9owUqvnizefTx3utk/tyuyGNfRYgFaBUy7YibCcgkVPBxlk3ViwCOoQ+a2kagM9UO5lcPTaLWumavVDqF6A5UX8nEvCVGvme3vQBB2reS8X/vFaMvUo74UEUIwvo9KNeLEwMzbQCs8sloyhGmgCVXN9q0gFIoKiLyrqTYFJ2lJ7KXSFtqxxBlA4/zaZF2fO1LJL6cck+KVUudGMVMkWGHJBDckRsckqq5JzUiEMokeSW3JMH4854NJ6Nl+nqkjHL5MkfGK/ftl+lzQ==</latexit>

⇢̂

<latexit sha1_base64="BHbdWueJGkCucuBUq7SPjydgQ4k=">AAACGHicbVDNSsNAGNz4W+tftUcvi6XgqU1EsMeCF48VTFtoQtlsNu3S3STuboQSevMdBE/6Jp4Ur970AXwC8ewmraCtAwvzzXzDfowXMyqVab4ZS8srq2vrhY3i5tb2zm5pb78to0RgYuOIRaLrIUkYDYmtqGKkGwuCuMdIxxudZX7nmghJo/BSjWPicjQIaUAxUlpynSFSqeNxRwyjSb9UMWtmDrhIrBmpNMvVm8+nj/dWv/Tl+BFOOAkVZkjKnmXGyk2RUBQzMik6iSQxwiM0ID1NQ8SJdNP86AmsasWHQST0CxXM1d+JFHEpx9zTmxypoZz3MvE/r5eooOGmNIwTRUI8/ShIGFQRzBqAPhUEKzbWBGFB9a0QD5FAWOmeik4eTOu21FPdZ8Iy6zGKs+Gn2Kwoa76WRdI+rlkntcaFbqwBpiiAA3AIjoAFTkETnIMWsAEGV+AW3IMH4854NJ6Nl+nqkjHLlMEfGK/fAsGlcA==</latexit>

Efield/Pitch 4

 

<latexit sha1_base64="peS///fKSOShucYV3JMPDVrCo9s=">AAACEnicbVDLSsNAFJ3UV62vqks3g0Vw1SZSsMuCLlxWMG2hCWUymbRDJ5NhZiKU0F9wJei3uBO3/oCf4s5JmoW2Hhg499x7uHdOIBhV2ra/rMrG5tb2TnW3trd/cHhUPz7pqySVmLg4YYkcBkgRRjlxNdWMDIUkKA4YGQSzm7w/eCRS0YQ/6LkgfowmnEYUI51LnlB0XG/YTbsAXCdOSRqgRG9c//bCBKcx4RozpNTIsYX2MyQ1xYwsal6qiEB4hiZkZChHMVF+Vty6gBdGCWGUSPO4hoX625GhWKl5HJjJGOmpWu3l4n+9Uaqjjp9RLlJNOF4uilIGdQLzj8OQSoI1mxuCsKTmVoinSCKsTTw1rzBmLVeZqhUy6dgtgURe3JKIcprHpRYmK2c1mXXSv2o67Wbnvt3odsrUquAMnINL4IBr0AV3oAdcgMEUPIEX8Go9W2/Wu/WxHK1YpecU/IH1+QMR054x</latexit>

f
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Pitch and wa

Bz

y0

 0
<latexit sha1_base64="ZFLXwlzAxXOMSdQhMNJpfg83g/g=">AAAB7XicbVA9SwNBEJ2LXzF+Ra3EwsUgWIU7LbQM2FhGMB+QHMfeZi9Zs7d77O4J4Uhta2OhiK3/J52/wz/g5pJCEx8MPN6bYWZemHCmjet+OYWV1bX1jeJmaWt7Z3evvH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gqHN1O/9UiVZlLcm1FC/Rj3BYsYwcZKzW6iWeAG5YpbdXOgZeLNSaV29BTIycl3PShPuj1J0pgKQzjWuuO5ifEzrAwjnI5L3VTTBJMh7tOOpQLHVPtZfu0YnVmlhyKpbAmDcvX3RIZjrUdxaDtjbAZ60ZuK/3md1ETXfsZEkhoqyGxRlHJkJJq+jnpMUWL4yBJMFLO3IjLAChNjAyrZELzFl5dJ86LqXVbdO5tGDWYowjGcwjl4cAU1uIU6NIDAAzzDK7w50nlx3p2PWWvBmc8cwh84nz8UqZJ7</latexit>

 =  0 sin�
<latexit sha1_base64="RgNDvzebwEbOF8pnFKCE+f/+2mA=">AAAB/nicbVDLSgMxFM3UV62vUXEhLgwWwVWZ0YVuhIIblxXsAzplyKSZNjSThCQjlKHgzu9w40IRt35Hd36HP2Cm7UJbD9zL4Zx7yc2JJKPaeN6XU1haXlldK66XNja3tnfc3b2GFqnCpI4FE6oVIU0Y5aRuqGGkJRVBScRIMxrc5H7zgShNBb83Q0k6CepxGlOMjJVC9yCQmsLrvIdeoCmHgezT0C17FW8CuEj8GSlXD59CMT7+roXuOOgKnCaEG8yQ1m3fk6aTIWUoZmRUClJNJMID1CNtSzlKiO5kk/NH8NQqXRgLZYsbOFF/b2Qo0XqYRHYyQaav571c/M9rpya+6mSUy9QQjqcPxSmDRsA8C9ilimDDhpYgrKi9FeI+Uggbm1jJhuDPf3mRNM4r/kXFu7NpVMEURXAETsAZ8MElqIJbUAN1gEEGnsEreHMenRfn3fmYjhac2c4++APn8wcvr5iq</latexit>

Bz

By
!a

<latexit sha1_base64="uDhThiQsjooBWtl/TsS2QmtOj3A=">AAACGHicbVBNS8NAFNz4WaPVqkcvwVLw1CYi2GNBEI8VTFtoQnnZbtulu0nc3Qgl9HcInvTi7xAv4tWbf8Szm7SCtg4szJt5wz4miBmVyrY/jZXVtfWNzcKWub1T3N0r7R+0ZJQITFwcsUh0ApCE0ZC4iipGOrEgwANG2sH4IvPbd0RIGoU3ahITn8MwpAOKQWnJT72AexEnQ+jBtFcq21U7h7VMnDkpN4qvSeXSfG72Sl9eP8IJJ6HCDKTsOnas/BSEopiRqeklksSAxzAkXU1D4ET6aX701KpopW8NIqFfqKxc/Z1IgUs54YHe5KBGctHLxP+8bqIGdT+lYZwoEuLZR4OEWSqysgasPhUEKzbRBLCg+lYLj0AAVron08uDac2Veqr1mXDsWgxxNvwUmxXlLNayTFqnVeesWr/WjdXRDAV0hI7RCXLQOWqgK9RELsLoFt2jR/RkPBgvxpvxPltdMeaZQ/QHxsc3IjCjgA==</latexit>

!a

<latexit sha1_base64="uDhThiQsjooBWtl/TsS2QmtOj3A=">AAACGHicbVBNS8NAFNz4WaPVqkcvwVLw1CYi2GNBEI8VTFtoQnnZbtulu0nc3Qgl9HcInvTi7xAv4tWbf8Szm7SCtg4szJt5wz4miBmVyrY/jZXVtfWNzcKWub1T3N0r7R+0ZJQITFwcsUh0ApCE0ZC4iipGOrEgwANG2sH4IvPbd0RIGoU3ahITn8MwpAOKQWnJT72AexEnQ+jBtFcq21U7h7VMnDkpN4qvSeXSfG72Sl9eP8IJJ6HCDKTsOnas/BSEopiRqeklksSAxzAkXU1D4ET6aX701KpopW8NIqFfqKxc/Z1IgUs54YHe5KBGctHLxP+8bqIGdT+lYZwoEuLZR4OEWSqysgasPhUEKzbRBLCg+lYLj0AAVron08uDac2Veqr1mXDsWgxxNvwUmxXlLNayTFqnVeesWr/WjdXRDAV0hI7RCXLQOWqgK9RELsLoFt2jR/RkPBgvxpvxPltdMeaZQ/QHxsc3IjCjgA==</latexit>

s

<latexit sha1_base64="YM8KlXLVugXAeK30h5QBhnKMMXg=">AAACEnicbVDLSsNAFJ34rPVVdSnIYBFctYkIdmfBjcsWTFtoQplMJu3QySTMTIQSuvQDBFf6I8WFIG79Ab/BvWsnaQVtPTBw7rn3cO8cL2ZUKtP8MJaWV1bX1gsbxc2t7Z3d0t5+S0aJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr67VsiJI34jRrFxA1Rn9OAYqS01E4dL4By3CuVzYqZAy4Sa0bKly+T5ufd0aTRK305foSTkHCFGZKya5mxclMkFMWMjItOIkmM8BD1SVdTjkIi3TQ/dwxPtOLDIBL6cQVz9bcjRaGUo9DTkyFSAznfy8T/et1EBTU3pTxOFOF4uihIGFQRzP4OfSoIVmykCcKC6lshHiCBsNIJFZ3cmFZtqauqz4RlVmMUZ8VPpFlQ1nwsi6R1VrHOK7WmWa7XwBQFcAiOwSmwwAWog2vQADbAYAjuwSN4Mh6MZ+PVeJuOLhkzzwH4A+P9G1x3olg=</latexit>

s

<latexit sha1_base64="YM8KlXLVugXAeK30h5QBhnKMMXg=">AAACEnicbVDLSsNAFJ34rPVVdSnIYBFctYkIdmfBjcsWTFtoQplMJu3QySTMTIQSuvQDBFf6I8WFIG79Ab/BvWsnaQVtPTBw7rn3cO8cL2ZUKtP8MJaWV1bX1gsbxc2t7Z3d0t5+S0aJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr67VsiJI34jRrFxA1Rn9OAYqS01E4dL4By3CuVzYqZAy4Sa0bKly+T5ufd0aTRK305foSTkHCFGZKya5mxclMkFMWMjItOIkmM8BD1SVdTjkIi3TQ/dwxPtOLDIBL6cQVz9bcjRaGUo9DTkyFSAznfy8T/et1EBTU3pTxOFOF4uihIGFQRzP4OfSoIVmykCcKC6lshHiCBsNIJFZ3cmFZtqauqz4RlVmMUZ8VPpFlQ1nwsi6R1VrHOK7WmWa7XwBQFcAiOwSmwwAWog2vQADbAYAjuwSN4Mh6MZ+PVeJuOLhkzzwH4A+P9G1x3olg=</latexit>

!a

<latexit sha1_base64="uDhThiQsjooBWtl/TsS2QmtOj3A=">AAACGHicbVBNS8NAFNz4WaPVqkcvwVLw1CYi2GNBEI8VTFtoQnnZbtulu0nc3Qgl9HcInvTi7xAv4tWbf8Szm7SCtg4szJt5wz4miBmVyrY/jZXVtfWNzcKWub1T3N0r7R+0ZJQITFwcsUh0ApCE0ZC4iipGOrEgwANG2sH4IvPbd0RIGoU3ahITn8MwpAOKQWnJT72AexEnQ+jBtFcq21U7h7VMnDkpN4qvSeXSfG72Sl9eP8IJJ6HCDKTsOnas/BSEopiRqeklksSAxzAkXU1D4ET6aX701KpopW8NIqFfqKxc/Z1IgUs54YHe5KBGctHLxP+8bqIGdT+lYZwoEuLZR4OEWSqysgasPhUEKzbRBLCg+lYLj0AAVron08uDac2Veqr1mXDsWgxxNvwUmxXlLNayTFqnVeesWr/WjdXRDAV0hI7RCXLQOWqgK9RELsLoFt2jR/RkPBgvxpvxPltdMeaZQ/QHxsc3IjCjgA==</latexit>

s

<latexit sha1_base64="YM8KlXLVugXAeK30h5QBhnKMMXg=">AAACEnicbVDLSsNAFJ34rPVVdSnIYBFctYkIdmfBjcsWTFtoQplMJu3QySTMTIQSuvQDBFf6I8WFIG79Ab/BvWsnaQVtPTBw7rn3cO8cL2ZUKtP8MJaWV1bX1gsbxc2t7Z3d0t5+S0aJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr67VsiJI34jRrFxA1Rn9OAYqS01E4dL4By3CuVzYqZAy4Sa0bKly+T5ufd0aTRK305foSTkHCFGZKya5mxclMkFMWMjItOIkmM8BD1SVdTjkIi3TQ/dwxPtOLDIBL6cQVz9bcjRaGUo9DTkyFSAznfy8T/et1EBTU3pTxOFOF4uihIGFQRzP4OfSoIVmykCcKC6lshHiCBsNIJFZ3cmFZtqauqz4RlVmMUZ8VPpFlQ1nwsi6R1VrHOK7WmWa7XwBQFcAiOwSmwwAWog2vQADbAYAjuwSN4Mh6MZ+PVeJuOLhkzzwH4A+P9G1x3olg=</latexit>

Is always in the plane defined by      and     B

<latexit sha1_base64="CZKGYtOSokXZpEXB69u9RZlDSBQ=">AAACEnicbVDLSsNAFJ3UV62vqktBBovgqk1EsDuLbly2YNpCU8pkMmmHTiZhZiKU0KUfILjSHykuBHHrD/gN7l07SSto64GBc8+9h3vnuBGjUpnmh5FbWl5ZXcuvFzY2t7Z3irt7TRnGAhMbhywUbRdJwigntqKKkXYkCApcRlru8Crtt26JkDTkN2oUkW6A+pz6FCOlpVbiuD68HPeKJbNsZoCLxJqR0sXLpPF5dzip94pfjhfiOCBcYYak7FhmpLoJEopiRsYFJ5YkQniI+qSjKUcBkd0kO3cMj7XiQT8U+nEFM/W3I0GBlKPA1ZMBUgM530vF/3qdWPnVbkJ5FCvC8XSRHzOoQpj+HXpUEKzYSBOEBdW3QjxAAmGlEyo4mTGp2FJXFY8Jy6xEKEqLn0jToKz5WBZJ87RsnZWrDbNUq4Ip8uAAHIETYIFzUAPXoA5sgMEQ3INH8GQ8GM/Gq/E2Hc0ZM88++APj/RsLHqIn</latexit>

�

<latexit sha1_base64="IDjo8MBJYkTZu2bVasgZ3T14+74=">AAACFnicbVDLSsNAFJ3UV62vapduBkvBVZuIYJcFNy4rmLaQhDKZTNuhM0mYmQgldOcvCK70T9ypW7f6AX6BuHaSVtDWAwPnnnsP987xY0alMs03o7Cyura+UdwsbW3v7O6V9w86MkoEJjaOWCR6PpKE0ZDYiipGerEgiPuMdP3xedbvXhMhaRReqUlMPI6GIR1QjJSWnNT1OXR9otC0X66adTMHXCbWnFRbldrN5/PHe7tf/nKDCCechAozJKVjmbHyUiQUxYxMS24iSYzwGA2Jo2mIOJFemp88hTWtBHAQCf1CBXP1tyNFXMoJ9/UkR2okF3uZ+F/PSdSg6aU0jBNFQjxbNEgYVBHM/g8DKghWbKIJwoLqWyEeIYGw0imV3NyYNmypq0bAhGU2YhRnxU+sWVDWYizLpHNSt07rzUudWBPMUASH4AgcAwucgRa4AG1gAwwicAvuwYNxZzwaT8bLbLRgzD0V8AfG6zfGl6Q2</latexit>

�

<latexit sha1_base64="IDjo8MBJYkTZu2bVasgZ3T14+74=">AAACFnicbVDLSsNAFJ3UV62vapduBkvBVZuIYJcFNy4rmLaQhDKZTNuhM0mYmQgldOcvCK70T9ypW7f6AX6BuHaSVtDWAwPnnnsP987xY0alMs03o7Cyura+UdwsbW3v7O6V9w86MkoEJjaOWCR6PpKE0ZDYiipGerEgiPuMdP3xedbvXhMhaRReqUlMPI6GIR1QjJSWnNT1OXR9otC0X66adTMHXCbWnFRbldrN5/PHe7tf/nKDCCechAozJKVjmbHyUiQUxYxMS24iSYzwGA2Jo2mIOJFemp88hTWtBHAQCf1CBXP1tyNFXMoJ9/UkR2okF3uZ+F/PSdSg6aU0jBNFQjxbNEgYVBHM/g8DKghWbKIJwoLqWyEeIYGw0imV3NyYNmypq0bAhGU2YhRnxU+sWVDWYizLpHNSt07rzUudWBPMUASH4AgcAwucgRa4AG1gAwwicAvuwYNxZzwaT8bLbLRgzD0V8AfG6zfGl6Q2</latexit>

The vertical motion is modulated by the quad electric field

At the magic momentum

If there were no magnetic field, projection of polarization on velocity is constant
d(� · s)

dt
= 0

<latexit sha1_base64="V93IPeMB0hdbqXF460Ff8iaM/sk="></latexit>

The out of horizontal plane component of    follows the out of plane component of s

<latexit sha1_base64="YM8KlXLVugXAeK30h5QBhnKMMXg=">AAACEnicbVDLSsNAFJ34rPVVdSnIYBFctYkIdmfBjcsWTFtoQplMJu3QySTMTIQSuvQDBFf6I8WFIG79Ab/BvWsnaQVtPTBw7rn3cO8cL2ZUKtP8MJaWV1bX1gsbxc2t7Z3d0t5+S0aJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr67VsiJI34jRrFxA1Rn9OAYqS01E4dL4By3CuVzYqZAy4Sa0bKly+T5ufd0aTRK305foSTkHCFGZKya5mxclMkFMWMjItOIkmM8BD1SVdTjkIi3TQ/dwxPtOLDIBL6cQVz9bcjRaGUo9DTkyFSAznfy8T/et1EBTU3pTxOFOF4uihIGFQRzP4OfSoIVmykCcKC6lshHiCBsNIJFZ3cmFZtqauqz4RlVmMUZ8VPpFlQ1nwsi6R1VrHOK7WmWa7XwBQFcAiOwSmwwAWog2vQADbAYAjuwSN4Mh6MZ+PVeJuOLhkzzwH4A+P9G1x3olg=</latexit>

�

<latexit sha1_base64="IDjo8MBJYkTZu2bVasgZ3T14+74=">AAACFnicbVDLSsNAFJ3UV62vapduBkvBVZuIYJcFNy4rmLaQhDKZTNuhM0mYmQgldOcvCK70T9ypW7f6AX6BuHaSVtDWAwPnnnsP987xY0alMs03o7Cyura+UdwsbW3v7O6V9w86MkoEJjaOWCR6PpKE0ZDYiipGerEgiPuMdP3xedbvXhMhaRReqUlMPI6GIR1QjJSWnNT1OXR9otC0X66adTMHXCbWnFRbldrN5/PHe7tf/nKDCCechAozJKVjmbHyUiQUxYxMS24iSYzwGA2Jo2mIOJFemp88hTWtBHAQCf1CBXP1tyNFXMoJ9/UkR2okF3uZ+F/PSdSg6aU0jBNFQjxbNEgYVBHM/g8DKghWbKIJwoLqWyEeIYGw0imV3NyYNmypq0bAhGU2YhRnxU+sWVDWYizLpHNSt07rzUudWBPMUASH4AgcAwucgRa4AG1gAwwicAvuwYNxZzwaT8bLbLRgzD0V8AfG6zfGl6Q2</latexit>
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Substitute the ‘unperturbed’ solution into our differential equation 

1

D. Rubin

July 10, 2020

Pitch and Efield Systematics

Pitch

Our unperturbed system is a muon precessing in a uniform magnetic field with zero electric field. We

use a cylindrical coordinate system where B = Bẑ. The rate of change of the polarization with respect

to the muon velocity is described by Jackson 11.171

d

dt
(�̂ · s) = � e

mc
s? ·
ï
aµ�̂ ⇥B+

Å
aµ � m2c2

p2

ã
�E

ò
(1)

Our trial solution for time dependence of the polarization in the ⇢,� plane is s = |s|(cos!at⇢̂� sin!at�̂)
where in the unperturbed system �̂ = �̂. We find that

s? = s� (�̂ · s) · �̂ = |s| cos!at⇢̂

and

�̂ · s = �|s| sin!at

Substitution into 1 with the above assumptions gives us

!a =
e

mc
Baµ

So far so good.

Now we consider the effect of perturbing the system so that �̂ has a component along the z-direction.

�̂ = cos �̂+ sin ẑ

where  is the angle of the trajectory with respect to the ⇢ � � plane. We suppose in the spirit of

perturbation theory that substitution of the unperturbed solution into the differential equation that

includes the perturbation will give us the change in !a, that is !a ! !a +�!. Then

s? ! |s| cos(!a +�!)t⇢̂

and

�̂ · s ! �|s| sin(!a +�!)t

Substitution of the trial solution gives

d

dt
(�|s| sin(!a +�!)t) = � e

mc
|s| cos(!a +�!)t⇢̂ ·

h⇣g
2
� 1

⌘
(|B|(cos ⇢̂+ sin �̂)

i

d

dt
|s| sin(!a +�!)t) =

e

mc
|s| cos(!a +�!)t [aµ(|B| cos )]

Rewriting so that the perturbation is explicit

d

dt
(|s| sin(!a +�!)t) =

e

mc
|s| cos(!a +�!)t [aµ(|B|� |B|(1� cos )]
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mc
|s| cos(!a +�!)t⇢̂ ·

î
aµ(|B|(cos ⇢̂+ sin �̂)

ó

d

dt
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e

mc
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mc
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ï
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Å
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p2

ã
�E

ò
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where in the unperturbed system �̂ = �̂. We find that

s? = s� (�̂ · s) · �̂ = |s| cos!at⇢̂

and

�̂ · s = �|s| sin!at

Substitution into 1 with the above assumptions gives us

!a =
e

mc
Baµ

So far so good.

Now we consider the effect of perturbing the system so that �̂ has a component along the z-direction.

�̂ = cos �̂+ sin ẑ

where  is the angle of the trajectory with respect to the ⇢ � � plane. We suppose in the spirit of

perturbation theory that substitution of the unperturbed solution into the differential equation that

includes the perturbation will give us the change in !a, that is !a ! !a +�!. Then

s? ! |s| cos(!a +�!)t⇢̂

and

�̂ · s ! �|s| sin(!a +�!)t

Substitution of the trial solution gives

d

dt
(�|s| sin(!a +�!)t) = � e

mc
|s| cos(!a +�!)t⇢̂ ·

î
aµ(|B|(cos ⇢̂+ sin �̂)

ó

d

dt
|s| sin(!a +�!)t) =

e

mc
|s| cos(!a +�!)t [aµ(|B| cos )]

Rewriting so that the perturbation is explicit

d

dt
(|s| sin(!a +�!)t) =

e

mc
|s| cos(!a +�!)t [aµ(|B|� |B|(1� cos )]

2

Solve for �!

!a +�! =
e

mc

h⇣g
2
� 1

⌘
(|B|� |B|(1� cos )

i

! �! =
e

mc

h⇣g
2
� 1

⌘
(�|B|(1� cos )

i

And

h�!i = e

mc
[aµh�|B|(1� cos )i]

Note that

|B|(1� cos ) = |B|� |�̂ ⇥B|

and
�!p

!a
= �h1� |�̂ ⇥ B̂|i ⇠ �h1

2
 2i

Efield

Substitution of the same unperturbed solution yields the efield correction

�!E = � e

mc
aµ(�2

�p

p
�E⇢)

! �!E

!a
=

�2h�p
p �E⇢i
B

2

Solve for �!

!a +�! =
e

mc
[aµ(|B|� |B|(1� cos )]

! �! =
e

mc
[aµ(�|B|(1� cos )]

And

h�!i = e

mc
[aµh�|B|(1� cos )i]

Note that

|B|(1� cos ) = |B|� |�̂ ⇥B|

and
�!p

!a
= �h1� |�̂ ⇥ B̂|i ⇠ �h1

2
 2i

Efield

Substitution of the same unperturbed solution yields the efield correction

�!E = � e

mc
aµ(�2

�p

p
�E⇢)

! �!E

!a
=

�2h�p
p �E⇢i
B

2

Solve for �!

!a +�! =
e

mc
[aµ(|B|� |B|(1� cos )]

! �! =
e

mc
[aµ(�|B|(1� cos )]

And

h�!i = e

mc
[aµh�|B|(1� cos )i]

Note that

|B|(1� cos ) = |B|� |�̂ ⇥B|

and
�!p

!a
= �h1� |�̂ ⇥ B̂|i ⇠ �h1

2
 2i

Efield

Substitution of the same unperturbed solution yields the efield correction

�!E = � e

mc
aµ(�2

�p

p
�E⇢)

! �!E

!a
=

�2h�p
p �E⇢i
B
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Average over all f for a 
given amplitude a

y =
p

a� cos�

 =  0 sin� =

r
a

�
sin�

h 2(a)i� =
1

2
 2
0(a) =

hy2(a)i�
�2
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How do we measure         ?

If motion (quad field) is linear
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h 2(a)i� =
1

2
 2
0(a) =

1

2

hai
�

=
hy2(a)i
�2
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True in general for each muon

Cp = �h1� |�̂ ⇥ B̂|i ⇠ �1

2
h 2i = �1

2

hy2i
�2
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Assuming linear and 
continuous quads

Pitch

h 2(a)i� =
1

2
 2
0(a) =

1

2

hai
�
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spin tracking
<(�·B)�>�h1� |�̂ ⇥ B̂|i
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True for any muon ?

Excellent agreement with 
‘spin tracking’  (integrating 
BMT equation)

For any muon in a distribution we can compute                        to determine
the contribution of pitching motion to

�h1� |�̂ ⇥ B̂|i
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What about our assumption of linear and continuous quads, in perfect alignment, 
with uniform voltage? 

Test in simulation
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linear-truth

Quad plates ±1mm

ΔVp = ± 5% V0

Q1 S Q1 L Q2 S Q3 S Q4 SQ2 L Q3 L Q4 L

For each of 1280 permutations of plate offsets and 
voltage errors, inject and track a distribution of muons

Cp(truth) = �h1� |�̂ ⇥ B̂|i
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If aperture is 45mm then

Acceptance Cp [ppm]

± 1 mm -0.09

± 10 mm -0.11

± 40 mm -0.175

Pitch and acceptance
The maximum pitch angle is determined by the physical aperture (collimators)
The average pitch correction for the distribution depends on the vertical 
acceptance of the detector
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Time spent at each position
(same as decay distribution)
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y =
p
a� cos�
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We measure vertical position. We prefer vertical amplitude

Next few slides courtesy J. Mott



Toy MC: Amplitudes to Positions

Suppose we have a distribution of amplitudes
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Distribution of amplitudes   Distribution of measured positions



Toy MC: Simple Calo Acceptance

• Suppose this box function defines the calo acceptance
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Toy MC: Simple Calo Acceptance

Cp = 191 ppb
Cp = 135 ppb

Cp = 191 ppb
Cp = 170 ppb

Beam
Calo Measured
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Imagine a calo acceptance of  +/- 20 mm

Measured position distribution Amplitude distribution

<y2> underestimates angles and Cp <a> accounts for all angles



Toy MC: Realistic Calo Acceptance
• More realistic calo acceptance:

• Uses gm2ringsim (gas gun) and E > 1700 MeV.  All the calos combined.
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Toy MC: Realistic Calo Acceptance

• Effect is the same as before, but more subtle.

• In this made up toy MC case, we’re only off by 5 ppb

Cp = 191 ppb
Cp = 183 ppb

Cp = 191 ppb
Cp = 188 ppb

This is wrongThis is right

Beam
Calo Measured
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<y2> underestimates angles and Cp<a> accounts for all angles



Calo Acceptance & Weighting
• If we have a betatron amplitude, we can calculate its appropriate 

weighting based on the calo acceptance maps

• We just need to multiply the two distributions together to get how often 
the muon decays as seen by calos:

⊗
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For any given betatron amplitude, A, we can compute probability of measuring
a particular position y

N(y,A) =

(
1p

1�(y/A)2
|y| < A

0 otherwise

<latexit sha1_base64="B2ibBGY/lqGE+xpwzdP7Z8mTgqA="></latexit>
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<latexit sha1_base64="IUeLAA7HvtmIKTM7URDIxcTeHQI=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKIboejGlVSwD2hDmEwn7djJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELZ865l7n3BAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4fXYbz1SqVgs7vUooV6E+4KFjGBtJN8+uPUz9pCjS9QNqMbTR+gz3y47FWcCtEjcGSnDDHXf/ur2YpJGVGjCsVId10m0l2GpGeE0L3VTRRNMhrhPO4YKHFHlZZMDcnRslB4KY2lKaDRRf09kOFJqFAWmM8J6oOa9sfif10l1eOFlTCSppoJMPwpTjnSMxmmgHpOUaD4yBBPJzK6IDLDERJvMSiYEd/7kRdI8rbjVytldtVy7msVRhEM4ghNw4RxqcAN1aACBHJ7hFd6sJ+vFerc+pq0FazazD39gff4A7eqV/g==</latexit>

N̂j =
X

i

�ijfi

<latexit sha1_base64="Kt+Z466DFNZ1i4p4OyJS3de+ofU=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYounElFewDmhIm00k7djIJMzdCCfkAN/6KGxeKuPUD3Pk3TtsstPXAwOGcc7lzjx8LrsG2v63C0vLK6lpxvbSxubW9U97da+koUZQ1aSQi1fGJZoJL1gQOgnVixUjoC9b2R1cTv/3AlOaRvINxzHohGUgecErASF654g4JpDeZl95n+AK7Ogk9jl2fAfFSbrTA4yZlV+0p8CJxclJBORpe+cvtRzQJmQQqiNZdx46hlxIFnAqWldxEs5jQERmwrqGShEz30ukxGT4ySh8HkTJPAp6qvydSEmo9Dn2TDAkM9bw3Ef/zugkE572UyzgBJulsUZAIDBGeNIP7XDEKYmwIoYqbv2I6JIpQMP2VTAnO/MmLpHVSdWrV09tapX6Z11FEB+gQHSMHnaE6ukYN1EQUPaJn9IrerCfrxXq3PmbRgpXP7KM/sD5/AGfUmzc=</latexit>

Probability that amplitude       lands at position       is   Ai
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If there are       entries in amplitude bin then there will be                                    
entries in position bin 

fi

<latexit sha1_base64="n45SR6sigciYgKJLgK5TL2sYRyg=">AAACDnicbVDLSgMxFM34rPVV7dJNsBRctTMi2GXBjcuK9gHtUDKZTBuayYQkI5ShO7eCK/0Td+JO/AX9AL9AXJuZVtDWA4Fzz72He3M8wajStv1mLS2vrK6t5zbym1vbO7uFvf2WimKJSRNHLJIdDynCKCdNTTUjHSEJCj1G2t7oLO23r4lUNOJXeiyIG6IBpwHFSBvpMujTfqFkV+wMcJE4M1KqF8s3ny8f741+4avnRzgOCdeYIaW6ji20myCpKWZkku/FigiER2hAuoZyFBLlJtmpE1g2ig+DSJrHNczU344EhUqNQ89MhkgP1XwvFf/rdWMd1NyEchFrwvF0URAzqCOY/hv6VBKs2dgQhCU1t0I8RBJhbdLJ9zJjUm0qU1V9Jh27KpBIi584JyYoZz6WRdI6rjgnldqFSawGpsiBA3AIjoADTkEdnIMGaAIMBuAW3IMH6856tJ6s5+nokjXzFMEfWK/ffKeg2Q==</latexit>

i

<latexit sha1_base64="WpFslif4U1R/gcdEVhlXtRJmULU=">AAACDHicbVDLSgMxFM34rPVVdSlIsAiu2hkR7M6CG5ctOG2hLSWTybShmUxIMkIZunQluNI/cVEQXfoPfoN712amFbT1QODcc+/h3hxPMKq0bX9YS8srq2vruY385tb2zm5hb7+holhi4uKIRbLlIUUY5cTVVDPSEpKg0GOk6Q2v0n7zlkhFI36jR4J0Q9TnNKAYaSPVaa9QtEt2BrhInBkpXr5N6p93R5Nar/DV8SMch4RrzJBSbccWupsgqSlmZJzvxIoIhIeoT9qGchQS1U2yQ8fwxCg+DCJpHtcwU387EhQqNQo9MxkiPVDzvVT8r9eOdVDpJpSLWBOOp4uCmEEdwfTX0KeSYM1GhiAsqbkV4gGSCGuTTb6TGZOyq0xV9pl07LJAIi1+whyboJz5WBZJ46zknJcqdbtYrYApcuAQHINT4IALUAXXoAZcgAEB9+ARPFkP1rP1Yr1OR5esmecA/IH1/g2x05/W</latexit>

j

<latexit sha1_base64="ZmhiNg0GyP02TkE4jKL/u3hVPBI=">AAACDHicbVDLSsNAFJ3UV62vapduBkvBVZuIYJcFNy5bMG2hDWUymbRjJ5MwMxFK6M6d4Er/xJ247T/oB/gF4tpJWkFbDwyce+493DvHjRiVyjTfjNza+sbmVn67sLO7t39QPDxqyzAWmNg4ZKHoukgSRjmxFVWMdCNBUOAy0nHHl2m/c0uEpCG/VpOIOAEacupTjJSWWjeDYtmsmhngKrEWpNwoVe4+Zx/vzUHxq++FOA4IV5ghKXuWGSknQUJRzMi00I8liRAeoyHpacpRQKSTZIdOYUUrHvRDoR9XMFN/OxIUSDkJXD0ZIDWSy71U/K/Xi5VfdxLKo1gRjueL/JhBFcL019CjgmDFJpogLKi+FeIREggrnU2hnxmTmi11VfOYsMxahKK0+AlzqoOylmNZJe2zqnVerbd0YnUwRx4cgxNwCixwARrgCjSBDTAg4B48gifjwXg2XozX+WjOWHhK4A+M2TfsrKAB</latexit>

Summing over amplitude bins

Single amplitude Distribution of amplitudes

Position distribution

Amplitude distribution
Ai

<latexit sha1_base64="VFTbFchnIZDbgc1gjSY4/Ww/2gk=">AAACDnicbVDLSsNAFJ3UV41Wqy7dBEvBVZuIYJcVQVxWNG2hDWUymbRDJ5NhZiKU0E8QXOkf+AnuRHDlL/gjrp2kFbT1wMC5597DvXN8TolUtv1pFFZW19Y3ipvm1nZpZ7e8t9+WcSIQdlFMY9H1ocSUMOwqoijucoFh5FPc8ccXWb9zh4UkMbtVE469CA4ZCQmCSks35wMyKFfsmp3DWibOnFSapfekemk+twblr34QoyTCTCEKpew5NldeCoUiiOKp2U8k5hCN4RD3NGUwwtJL81OnVlUrgRXGQj+mrFz97UhhJOUk8vVkBNVILvYy8b9eL1Fhw0sJ44nCDM0WhQm1VGxl/7YCIjBSdKIJRILoWy00ggIipdMx+7kxrbtSV/WACseuc8iz4ifOqQ7KWYxlmbRPas5prXGtE2uAGYrgEByBY+CAM9AEV6AFXIDAENyDR/BkPBgvxqvxNhstGHPPAfgD4+Mbh7Ge3Q==</latexit>

yj

<latexit sha1_base64="MBlezeuS7U8aj4s06dJiXedjklA=">AAACDnicbVDLTsJAFJ3iAwQfqEs2jcTEFbTGRJZENy4xWiABQqbTKYxMp5OZqUnT8AeauNI/cWfc+gv+hgtXLpwWTBQ8ySTnnntP7p3jckqksqx3I7eyuraeL2wUS5tb2zvl3b22DCOBsINCGoquCyWmhGFHEUVxlwsMA5fijjs5T/udWywkCdm1ijkeBHDEiE8QVFq6ioc3w3LVqlkZzGViz0m1Wfk4y5fuvlrD8mffC1EUYKYQhVL2bIurQQKFIojiabEfScwhmsAR7mnKYIDlIMlOnZqHWvFMPxT6MWVm6m9HAgMp48DVkwFUY7nYS8X/er1I+Y1BQhiPFGZotsiPqKlCM/236RGBkaKxJhAJom810RgKiJROp9jPjEndkbqqe1TYVp1DnhY/cU51UPZiLMukfVyzT2qNS51YA8xQABVwAI6ADU5BE1yAFnAAAiNwDx7Bk/FgPBsvxutsNGfMPfvgD4y3b7H8n6A=</latexit>
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We want to determine the number of entries        in each amplitude bin          based 
on the number of entries in position bins  

fi

<latexit sha1_base64="n45SR6sigciYgKJLgK5TL2sYRyg=">AAACDnicbVDLSgMxFM34rPVV7dJNsBRctTMi2GXBjcuK9gHtUDKZTBuayYQkI5ShO7eCK/0Td+JO/AX9AL9AXJuZVtDWA4Fzz72He3M8wajStv1mLS2vrK6t5zbym1vbO7uFvf2WimKJSRNHLJIdDynCKCdNTTUjHSEJCj1G2t7oLO23r4lUNOJXeiyIG6IBpwHFSBvpMujTfqFkV+wMcJE4M1KqF8s3ny8f741+4avnRzgOCdeYIaW6ji20myCpKWZkku/FigiER2hAuoZyFBLlJtmpE1g2ig+DSJrHNczU344EhUqNQ89MhkgP1XwvFf/rdWMd1NyEchFrwvF0URAzqCOY/hv6VBKs2dgQhCU1t0I8RBJhbdLJ9zJjUm0qU1V9Jh27KpBIi584JyYoZz6WRdI6rjgnldqFSawGpsiBA3AIjoADTkEdnIMGaAIMBuAW3IMH6856tJ6s5+nokjXzFMEfWK/ffKeg2Q==</latexit>

Ai

<latexit sha1_base64="VFTbFchnIZDbgc1gjSY4/Ww/2gk=">AAACDnicbVDLSsNAFJ3UV41Wqy7dBEvBVZuIYJcVQVxWNG2hDWUymbRDJ5NhZiKU0E8QXOkf+AnuRHDlL/gjrp2kFbT1wMC5597DvXN8TolUtv1pFFZW19Y3ipvm1nZpZ7e8t9+WcSIQdlFMY9H1ocSUMOwqoijucoFh5FPc8ccXWb9zh4UkMbtVE469CA4ZCQmCSks35wMyKFfsmp3DWibOnFSapfekemk+twblr34QoyTCTCEKpew5NldeCoUiiOKp2U8k5hCN4RD3NGUwwtJL81OnVlUrgRXGQj+mrFz97UhhJOUk8vVkBNVILvYy8b9eL1Fhw0sJ44nCDM0WhQm1VGxl/7YCIjBSdKIJRILoWy00ggIipdMx+7kxrbtSV/WACseuc8iz4ifOqQ7KWYxlmbRPas5prXGtE2uAGYrgEByBY+CAM9AEV6AFXIDAENyDR/BkPBgvxqvxNhstGHPPAfgD4+Mbh7Ge3Q==</latexit>

Nj

<latexit sha1_base64="8kp7ATtyyTAeIx0y8hz+xO97Jxk=">AAACDnicbVDLSsNAFJ34am19VF12EyyCqzYRwS6LblxJRdMW2lAmk0k7djIZZiZCCf0DBVf6J+7Erb/gb7hw5cJJWkFbDwyce+493DvH45RIZVnvxtLyyupaLr9eKG5sbm2XdnZbMooFwg6KaCQ6HpSYEoYdRRTFHS4wDD2K297oLO23b7GQJGLXasyxG8IBIwFBUGnp6qJ/0y9VrKqVwVwk9oxUGuWP01zx7qvZL332/AjFIWYKUShl17a4chMoFEEUTwq9WGIO0QgOcFdTBkMs3SQ7dWIeaMU3g0jox5SZqb8dCQylHIeengyhGsr5Xir+1+vGKqi7CWE8Vpih6aIgpqaKzPTfpk8ERoqONYFIEH2riYZQQKR0OoVeZkxqjtRVzafCtmoc8rT4iXOig7LnY1kkraOqfVytX+rE6mCKPCiDfXAIbHACGuAcNIEDEBiAe/AInowH49l4MV6no0vGzLMH/sB4+wZqbp91</latexit>

�2 =
X

j

P
i (�ijfi �Nj)

2

�2
Nj

<latexit sha1_base64="c0urNbB81pKyal7KIFx5jUHHoa0="></latexit>

Measure         .    Compute       . And minimize        to determine Nj

<latexit sha1_base64="8kp7ATtyyTAeIx0y8hz+xO97Jxk=">AAACDnicbVDLSsNAFJ34am19VF12EyyCqzYRwS6LblxJRdMW2lAmk0k7djIZZiZCCf0DBVf6J+7Erb/gb7hw5cJJWkFbDwyce+493DvH45RIZVnvxtLyyupaLr9eKG5sbm2XdnZbMooFwg6KaCQ6HpSYEoYdRRTFHS4wDD2K297oLO23b7GQJGLXasyxG8IBIwFBUGnp6qJ/0y9VrKqVwVwk9oxUGuWP01zx7qvZL332/AjFIWYKUShl17a4chMoFEEUTwq9WGIO0QgOcFdTBkMs3SQ7dWIeaMU3g0jox5SZqb8dCQylHIeengyhGsr5Xir+1+vGKqi7CWE8Vpih6aIgpqaKzPTfpk8ERoqONYFIEH2riYZQQKR0OoVeZkxqjtRVzafCtmoc8rT4iXOig7LnY1kkraOqfVytX+rE6mCKPCiDfXAIbHACGuAcNIEDEBiAe/AInowH49l4MV6no0vGzLMH/sB4+wZqbp91</latexit>

�ij

<latexit sha1_base64="fIdhNqtqq76vcXShdSvXCjw8XR0=">AAACFXicbVC7TsMwFHXKo6XlUWDsElEhMbUJQqJjBQtjkUhb0VSV4zitqeNYtoNURf0DRiQm+BM2xMrMbzAwMeCkRYKWI1k699x7dK+PxymRyrLejdzK6tp6vrBRLG1ube+Ud/faMooFwg6KaCS6HpSYEoYdRRTFXS4wDD2KO974PO13brGQJGJXasJxP4RDRgKCoNLStethBQcJuZkOylWrZmUwl4k9J9Vm5eMsX7r7ag3Kn64foTjETCEKpezZFlf9BApFEMXTohtLzCEawyHuacpgiGU/yS6emoda8c0gEvoxZWbqb0cCQyknoacnQ6hGcrGXiv/1erEKGv2EMB4rzNBsURBTU0Vm+n3TJwIjRSeaQCSIvtVEIyggUjqkopsZk7ojdVX3qbCtOoc8LX5STYOyF2NZJu3jmn1Sa1zqxBpghgKogANwBGxwCprgArSAAxBg4B48gifjwXg2XozX2WjOmHv2wR8Yb9+JWKLG</latexit>

�2

<latexit sha1_base64="DhlVZMLpHNtz7lZ3zz8JPwdBuL0=">AAACEXicbVDLSsNAFJ34rPVV7dLNYCm4apMi2GXBjcsKpi00sUwmk3bsZBJmJkIJ3fkBgiv9E3fiwo1foB/gF4hrJ20FbT0wcO6593DvHC9mVCrTfDOWlldW19ZzG/nNre2d3cLefktGicDExhGLRMdDkjDKia2oYqQTC4JCj5G2NzzN+u1rIiSN+IUaxcQNUZ/TgGKktNRy8IBe1nqFklkxJ4CLxJqRUqNYvvl8+Xhv9gpfjh/hJCRcYYak7FpmrNwUCUUxI+O8k0gSIzxEfdLVlKOQSDedXDuGZa34MIiEflzBifrbkaJQylHo6ckQqYGc72Xif71uooK6m1IeJ4pwPF0UJAyqCGZfhz4VBCs20gRhQfWtEA+QQFjpgPLOxJhWbamrqs+EZVZjFGfFT6JjHZQ1H8siadUq1nGlfq4Tq4MpcuAAHIIjYIET0ABnoAlsgMEVuAX34MG4Mx6NJ+N5OrpkzDxF8AfG6zeBVKHp</latexit>

Works just great with Toy MC

Input
Fit

fi

<latexit sha1_base64="n45SR6sigciYgKJLgK5TL2sYRyg=">AAACDnicbVDLSgMxFM34rPVV7dJNsBRctTMi2GXBjcuK9gHtUDKZTBuayYQkI5ShO7eCK/0Td+JO/AX9AL9AXJuZVtDWA4Fzz72He3M8wajStv1mLS2vrK6t5zbym1vbO7uFvf2WimKJSRNHLJIdDynCKCdNTTUjHSEJCj1G2t7oLO23r4lUNOJXeiyIG6IBpwHFSBvpMujTfqFkV+wMcJE4M1KqF8s3ny8f741+4avnRzgOCdeYIaW6ji20myCpKWZkku/FigiER2hAuoZyFBLlJtmpE1g2ig+DSJrHNczU344EhUqNQ89MhkgP1XwvFf/rdWMd1NyEchFrwvF0URAzqCOY/hv6VBKs2dgQhCU1t0I8RBJhbdLJ9zJjUm0qU1V9Jh27KpBIi584JyYoZz6WRdI6rjgnldqFSawGpsiBA3AIjoADTkEdnIMGaAIMBuAW3IMH6856tJ6s5+nokjXzFMEfWK/ffKeg2Q==</latexit>



Data: Amplitude Extraction in Action

• Looks reasonable, and also a  small effect

Cp = 177 ppb
Cp = 176 ppb

Cp = 176 ppb

Data
Fit

Run 15922: Station 12 
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Run 1 Tracker S12

Raw positions – corrected for tracker resolution and acceptance
Fit amplitudes –
Fit positions – based on fitted amplitudes

fi

<latexit sha1_base64="n45SR6sigciYgKJLgK5TL2sYRyg=">AAACDnicbVDLSgMxFM34rPVV7dJNsBRctTMi2GXBjcuK9gHtUDKZTBuayYQkI5ShO7eCK/0Td+JO/AX9AL9AXJuZVtDWA4Fzz72He3M8wajStv1mLS2vrK6t5zbym1vbO7uFvf2WimKJSRNHLJIdDynCKCdNTTUjHSEJCj1G2t7oLO23r4lUNOJXeiyIG6IBpwHFSBvpMujTfqFkV+wMcJE4M1KqF8s3ny8f741+4avnRzgOCdeYIaW6ji20myCpKWZkku/FigiER2hAuoZyFBLlJtmpE1g2ig+DSJrHNczU344EhUqNQ89MhkgP1XwvFf/rdWMd1NyEchFrwvF0URAzqCOY/hv6VBKs2dgQhCU1t0I8RBJhbdLJ9zJjUm0qU1V9Jh27KpBIi584JyYoZz6WRdI6rjgnldqFSawGpsiBA3AIjoADTkEdnIMGaAIMBuAW3IMH6856tJ6s5+nokjXzFMEfWK/ffKeg2Q==</latexit>
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Run 1            tracker S18

Raw positions – corrected for tracker resolution and acceptance
Fit amplitudes –
Fit positions – based on fitted amplitudes

fi

<latexit sha1_base64="n45SR6sigciYgKJLgK5TL2sYRyg=">AAACDnicbVDLSgMxFM34rPVV7dJNsBRctTMi2GXBjcuK9gHtUDKZTBuayYQkI5ShO7eCK/0Td+JO/AX9AL9AXJuZVtDWA4Fzz72He3M8wajStv1mLS2vrK6t5zbym1vbO7uFvf2WimKJSRNHLJIdDynCKCdNTTUjHSEJCj1G2t7oLO23r4lUNOJXeiyIG6IBpwHFSBvpMujTfqFkV+wMcJE4M1KqF8s3ny8f741+4avnRzgOCdeYIaW6ji20myCpKWZkku/FigiER2hAuoZyFBLlJtmpE1g2ig+DSJrHNczU344EhUqNQ89MhkgP1XwvFf/rdWMd1NyEchFrwvF0URAzqCOY/hv6VBKs2dgQhCU1t0I8RBJhbdLJ9zJjUm0qU1V9Jh27KpBIi584JyYoZz6WRdI6rjgnldqFSawGpsiBA3AIjoADTkEdnIMGaAIMBuAW3IMH6856tJ6s5+nokjXzFMEfWK/ffKeg2Q==</latexit>
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3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker T12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat

3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker T12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat

Convert from position to amplitude space to properly account for angular acceptance

Next steps
• Station by station acceptance correction
• Modulation of b –function around the ring
• Apply calo acceptance to ‘measured’ amplitude distribution
• Determine systematic model dependent uncertainty
• Fit vertical frequency to measure vertical tune to get n

Estimates{

<latexit sha1_base64="8gvr/mPJC7xojf/V1I3WnlpEoys=">AAACDXicbVDLSsNAFJ34bOur6kZwM1gEV20igl0W3bisYtpCE8pkMmmHTpJhZiLUUPADBFf6IYI7ces3CH6HaydpBW09MHDuufdw7xyPMyqVaX4YC4tLyyurhWJpbX1jc6u8vdOScSIwsXHMYtHxkCSMRsRWVDHS4YKg0GOk7Q3Ps377hghJ4+hajThxQ9SPaEAxUlq6ctJeuWJWzRxwnlhTUmns3X4W757Pmr3yl+PHOAlJpDBDUnYtkys3RUJRzMi45CSScISHqE+6mkYoJNJN80vH8FArPgxioV+kYK7+dqQolHIUenoyRGogZ3uZ+F+vm6ig7qY04okiEZ4sChIGVQyzb0OfCoIVG2mCsKD6VogHSCCsdDglJzemNVvqquYzYZk1jnhW/KQ51kFZs7HMk9Zx1Tqp1i91YnUwQQHsgwNwBCxwChrgAjSBDTAIwD14BE/Gg/FivBpvk9EFY+rZBX9gvH8D3ryfLQ==</latexit>

{

<latexit sha1_base64="8gvr/mPJC7xojf/V1I3WnlpEoys=">AAACDXicbVDLSsNAFJ34bOur6kZwM1gEV20igl0W3bisYtpCE8pkMmmHTpJhZiLUUPADBFf6IYI7ces3CH6HaydpBW09MHDuufdw7xyPMyqVaX4YC4tLyyurhWJpbX1jc6u8vdOScSIwsXHMYtHxkCSMRsRWVDHS4YKg0GOk7Q3Ps377hghJ4+hajThxQ9SPaEAxUlq6ctJeuWJWzRxwnlhTUmns3X4W757Pmr3yl+PHOAlJpDBDUnYtkys3RUJRzMi45CSScISHqE+6mkYoJNJN80vH8FArPgxioV+kYK7+dqQolHIUenoyRGogZ3uZ+F+vm6ig7qY04okiEZ4sChIGVQyzb0OfCoIVG2mCsKD6VogHSCCsdDglJzemNVvqquYzYZk1jnhW/KQ51kFZs7HMk9Zx1Tqp1i91YnUwQQHsgwNwBCxwChrgAjSBDTAIwD14BE/Gg/FivBpvk9EFY+rZBX9gvH8D3ryfLQ==</latexit>

Preliminary

3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker 12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat
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D. Rubin

July 10, 2020

Pitch and Efield Systematics

Pitch

Our unperturbed system is a muon precessing in a uniform magnetic field with zero electric field. We

use a cylindrical coordinate system where B = Bẑ. The rate of change of the polarization with respect

to the muon velocity is described by Jackson 11.171
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s? ·
ï
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Å
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ã
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ò
(1)

Our trial solution for time dependence of the polarization in the ⇢,� plane is s = |s|(cos!at⇢̂+sin!at�̂)
where in the unperturbed system �̂ = �̂. We find that

s? = s� (�̂ · s) · �̂ = |s| cos!at⇢̂

and

�̂ · s = |s| sin!at

Substitution into 1 with the above assumptions gives us

!a =
e

mc
aµ

So far so good.

Now we consider the effect of perturbing the system so that �̂ has a component along the z-direction.

�̂ = cos �̂+ sin z

where  is the angle of the trajectory with respect to the ⇢ � � plane. We suppose in the spirit of

perturbation theory that substitution of the unperturbed solution into the differential equation that

includes the perturbation will give us the change in !a, that is !a ! !a +�!. Then

s? ! |s| cos(!a +�!)t⇢̂

and

�̂ · s ! |s| sin(!a +�!)t

Substitution of the trial solution gives
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Rewriting so that the perturbation is explicit

d
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(|s| sin(!a +�!)t) = � e
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Efield correction

Substitution of our ‘unperturbed’ solution gives us

2

Solve for �!
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[aµ(|B|� |B|(1� cos )]
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Substitution of the same unperturbed solution yields the efield correction
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Substitution of the same unperturbed solution yields the efield correction
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Assuming continuous 
linear quad fields {
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True for each muon

Efield/Pitch 26

Assuming linear and 
continuous quads



-3

-2.5

-2

-1.5

-1

-0.5

 0

-20 -15 -10 -5  0  5  10  15  20  25  30

gm
2/

m
yt

es
t/s

pi
n_

te
st

.g
nu

spin_test_single_plate_ref2
�y=20.7270
Qy=0.3370
�=8.0451
fa(0)=2.2907837e+05

C e
 [p

pm
]

Radial o�set [mm]

E-�eld contribution vs radial o�set

Sa
t A

pr
 2

7 
18

:1
1:

16
 2

01
9

spin tracking 
<�XE> along trajectory

15 July 2020

Excellent agreement with ‘spin tracking’ (integrating BMT equation)

�2h�p
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B
i
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*(No vertical motion)
*
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True for any muon ?
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Substitution of the same unperturbed solution yields the efield correction
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What about our assumption of linear and continuous quads, in perfect alignment, 
with uniform voltage? 

Test in simulation

Quad plates ±1mm

ΔVp = ± 5% V0

Q1 S Q1 L Q2 S Q3 S Q4 SQ2 L Q3 L Q4 L

For each of 1280 permutations of plate offsets and 
voltage errors, inject and track a distribution of muons

Ce(truth) = �2
h�p

p �E⇢i
B
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ei
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h�Cei = hCe(linear)i � hCe(truth)i
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Measurement of radial closed orbit,        => E-field correctionxe
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Contribution to          from E-field!a
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Fourier method: Measure frequency distribution of the ‘Fast Rotation’ signal 

The revolution frequency is related to           as !R =
c�

R+ xe
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‘Fast Rotation’ signal is all calo hits vs time above threshold 
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Suppose a single momentum is circulating in the ring, forward  and backward in time 
from                 to 

Then              is a Dirac comb  S(t)
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Frequency spectrum is                                  and all harmonics 

t = 0
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t = ±1
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t0=0 t

As long as we know t0, and that the distribution that evolves forward in time is mirror 
symmetric with respect to the distribution that would evolve backward in time, then  we 
anticipate even symmetry, and we enforce the symmetry with the  cosine transform

But the first few microseconds after injection are contaminated, and are missing from our signal

t0=0 t

Now the cosine transform will necessarily include ‘unphysical’ frequencies

F (!) =
X

n=ns

cos(n!T )
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Start time
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We call the missing piece, Background
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ns = 27 (⇠ 4µs)
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collimators

The piece missing from our frequency spectrum

Revolution 
frequency
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• t0 (symmetry point)
• Start time  (‘background’)
• End time    (Muons decay)
• Background fit (functional form)
• Frequency bin width
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Fourier transform is linear function of              

Generalize from a single muon with a single revolution frequency to a  
distribution with a range of frequencies. 

S(t)
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Figure 1: Positron counts as a function of time as seen by all the calorimeters combined in the Run-1 EndGame

dataset, for the following time ranges: (a) 4–5, (b) 4–14, (d) 4–104, and (e) 4–300 µs with respect to the beam

injection. The time interval is 1 ns.

149.14 ns corresponding to the so-called “magic momentum”. The value of the cyclotron period is updated to the

measured value after completing the first round of the analysis and the analysis is performed again. The small

variation of the cyclotron frequency results in a small variation of the time-shift constant (well below the ns-level)

and therefore yields a negligible change in the fast rotation results. Figure 1 shows the positron counts histogram

for all the 24 calorimeters combined, using the EndGame dataset as a representative example. The time interval

of the histogram is 1 ns. The analysis is also performed per calorimeter, per bunch, and per run as presented in 5.

3.3 Wiggle fit

It is necessary to fit the positron counts histogram in order to divide out the exponential decay of the muon

population (at the very least). Section 7.6 will show that the results change little when fitting for more than the

muon life-time (i.e. !a and !cbo). The default fit is the 9-parameter fit that includes the muon lifetime, anomalous

spin precession, and CBO modulation:
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Figure 1: Positron counts as a function of time as seen by all the calorimeters combined in the Run-1 EndGame

dataset, for the following time ranges: (a) 4–5, (b) 4–14, (d) 4–104, and (e) 4–300 µs with respect to the beam

injection. The time interval is 1 ns.

149.14 ns corresponding to the so-called “magic momentum”. The value of the cyclotron period is updated to the

measured value after completing the first round of the analysis and the analysis is performed again. The small

variation of the cyclotron frequency results in a small variation of the time-shift constant (well below the ns-level)

and therefore yields a negligible change in the fast rotation results. Figure 1 shows the positron counts histogram

for all the 24 calorimeters combined, using the EndGame dataset as a representative example. The time interval

of the histogram is 1 ns. The analysis is also performed per calorimeter, per bunch, and per run as presented in 5.

3.3 Wiggle fit

It is necessary to fit the positron counts histogram in order to divide out the exponential decay of the muon

population (at the very least). Section 7.6 will show that the results change little when fitting for more than the

muon life-time (i.e. !a and !cbo). The default fit is the 9-parameter fit that includes the muon lifetime, anomalous

spin precession, and CBO modulation:
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Figure 2: 9-parameter fit of the positron counts histogram as a function of time as seen by all the calorimeters

combined in the Run-1 EndGame dataset, for the following time ranges: (a) 4–80, (b) 4–130, (d) 4–230, and (e)

4–300 µs with respect to the beam injection. The time interval is 149 ns.

N(t) = N0 · e�t/⌧µ [1 + A · cos(!at + �)] · e�t/⌧cbo [1 + Acbo · cos(!cbot + �cbo)], (4)

where N0 is the number of detected positron at t = 0, ⌧µ is the boosted muon lifetime of about 64 µs, A (called

the asymmetry) is the amplitude of the anomalous spin precession modulation, !a the anomalous spin precession

frequency (or spin tune), � the phase of the modulation, ⌧cbo the CBO lifetime, Acbo the amplitude of the CBO

modulation, !cbo the frequency of the CBO modulation, and �cbo the phase of the CBO modulation.

Figure 2 shows the 9-parameter fit of the positron counts histogram for the EndGame dataset starting at 30 µs

with respect to the beam injection. The histogram was re-binned to a time interval of 149 ns in order to average

out the fast rotation of the muon bunch. Appendix ?? shows the fit residuals for di↵erent time ranges.
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Figure 2: 9-parameter fit of the positron counts histogram as a function of time as seen by all the calorimeters

combined in the Run-1 EndGame dataset, for the following time ranges: (a) 4–80, (b) 4–130, (d) 4–230, and (e)

4–300 µs with respect to the beam injection. The time interval is 149 ns.

N(t) = N0 · e�t/⌧µ [1 + A · cos(!at + �)] · e�t/⌧cbo [1 + Acbo · cos(!cbot + �cbo)], (4)

where N0 is the number of detected positron at t = 0, ⌧µ is the boosted muon lifetime of about 64 µs, A (called

the asymmetry) is the amplitude of the anomalous spin precession modulation, !a the anomalous spin precession

frequency (or spin tune), � the phase of the modulation, ⌧cbo the CBO lifetime, Acbo the amplitude of the CBO

modulation, !cbo the frequency of the CBO modulation, and �cbo the phase of the CBO modulation.

Figure 2 shows the 9-parameter fit of the positron counts histogram for the EndGame dataset starting at 30 µs

with respect to the beam injection. The histogram was re-binned to a time interval of 149 ns in order to average

out the fast rotation of the muon bunch. Appendix ?? shows the fit residuals for di↵erent time ranges.
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Figure 3: Fast rotation signal as a function of time as seen by all the calorimeters combined in the Run-1 EndGame

dataset, for the following time ranges: (a) 4–5, (b) 4–14, (d) 4–54, (e) 4–104, (f) 4–204, and (g) 4–300 µs with

respect to the beam injection. The time interval is 1 ns. The modulation with a 35 µs period corresponds to the

beam partially and slowly re-bunching due to its asymmetric momentum distribution.
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Figure 3: Fast rotation signal as a function of time as seen by all the calorimeters combined in the Run-1 EndGame

dataset, for the following time ranges: (a) 4–5, (b) 4–14, (d) 4–54, (e) 4–104, (f) 4–204, and (g) 4–300 µs with

respect to the beam injection. The time interval is 1 ns. The modulation with a 35 µs period corresponds to the

beam partially and slowly re-bunching due to its asymmetric momentum distribution.

7

Efield/Pitch 35

Divide raw hits vs time by               of 9 parameter fitN(t)

<latexit sha1_base64="y6n3EDEQslGpUopngZv0pyo7Gfo=">AAACD3icbVDLSsNAFJ34bOur6kZwM1iEumkTEeyy6MaVVDBtoQ1lMpm0QyeTMDMRaij4BYIr/Q437sStnyD4Ha6dpBW09cDAuefew71z3IhRqUzzw1hYXFpeWc3lC2vrG5tbxe2dpgxjgYmNQxaKtoskYZQTW1HFSDsSBAUuIy13eJ72WzdESBryazWKiBOgPqc+xUil0mVZHfWKJbNiZoDzxJqSUn3v9jN/93zW6BW/ul6I44BwhRmSsmOZkXISJBTFjIwL3ViSCOEh6pOOphwFRDpJdusYHmrFg34o9OMKZupvR4ICKUeBqycDpAZytpeK//U6sfJrTkJ5FCvC8WSRHzOoQph+HHpUEKzYSBOEBdW3QjxAAmGl4yl0M2NStaWuqh4TllmNUJQWP3mOdVDWbCzzpHlcsU4qtSudWA1MkAP74ACUgQVOQR1cgAawAQYDcA8ewZPxYLwYr8bbZHTBmHp2wR8Y79+Nk599</latexit>

Fast Rotation signal

0 2 4 6 8 10

s]µTime [

0

2

4

6

8

10

12

14

In
te

n
si

ty

Figure 4: Fast rotation signal as a function of time as seen by all the calorimeters combined in the Run–1 EndGame

dataset, between 0 – 10 µs after beam injection. The time interval is 1 ns.

4 Nominal analysis

This section will detail the nominal analysis of the Run–1 datasets. Section 6 and 7 will present respectively the

statistical and systematic uncertainties estimation. The details of the analysis can be found in [1].

4.1 Choice of the Start Time (ts) Parameter

The ts parameter is the start time of the analysis. The ideal case would be ts = t0, where t0 corresponds to

the time when the centroid of the longitudinal beam profile is detected by calorimeter #1 on the first turn after

injection. This is ideal because the Fourier analysis method uses a cosine transform, which implicitly takes an

even extension of the fast rotation signal, mirrored about the time t0. Therefore, if we can supply the signal from

ts = t0 onward, the cosine transform has all of the data it needs to mirror the signal appropriately. Unfortunately,

this ideal scenario is not possible for two reasons. The first is the saturation of the calorimeter electronics during

the first µs of the fill due to the high intensity of the incoming beam. The second is the presence of contamination

in the muon beam due to beam-line positrons. The positrons are lost due to synchrotron radiation after about

3–4 µs. Figure 4 shows the fast rotation signal from the EndGame dataset for the first 10 µs. The first µs is

not available due to the saturation, and the signal stabilizes at 3–4 µs after the positrons are lost. The ts value,

because of the reasons explained above, is set to ts = 4 µs. This value is slightly optimized such that ts corresponds

to a normalized intensity of 1 in the fast rotation signal. This is done in order to minimize the e↵ects of spectral

leakage (see [1] Sec. 7.1 and 7.2). The optimized start times used in the nominal analysis for each dataset are

tabulated in Table 1.

8
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Figure 5: Results of the four iterations (from top to bottom) of the t0 optimization procedure for the Run–1

EndGame dataset. The figures on the left show the cosine Fourier transform at each iteration, including the

cardinal sine background fit for the optimum t0 value. Notice the fit definition moving inward with each step,

which is the purpose of the iterative procedure. The figures on the right show the �2 distribution of the background

fit as a function of t0.
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(a) (b)

(c) (d)

(e) (f)

Figure 18: Background fit of the cosine Fourier transform using the triangle-based function in the EndGame

dataset: (a) ts = 5 µs, (b) ts = 10 µs, (c) ts = 15 µs, (d) ts = 20 µs, (e) ts = 25 µs, (f) ts = 30 µs.
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Dependence on start time
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Figure 19: Results of the fast rotation analysis as a function of ts for a 30 µs range, using the triangle-based

background fit function. The shaded regions denote the RMS spread used to estimate the systematic uncertainty.

29

5 10 15 20 25 30
Start Time, ts (µs)

�570

�560

�550

�540

�530

�520

C
E

(p
p
b
)

9Day

hCEi = �524.79 ppb

Nominal Result

±� = ±3.81 ppb

Figure 19: Results of the fast rotation analysis as a function of ts for a 30 µs range, using the triangle-based

background fit function. The shaded regions denote the RMS spread used to estimate the systematic uncertainty.
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Figure 19: Results of the fast rotation analysis as a function of ts for a 30 µs range, using the triangle-based

background fit function. The shaded regions denote the RMS spread used to estimate the systematic uncertainty.
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Figure 19: Results of the fast rotation analysis as a function of ts for a 30 µs range, using the triangle-based

background fit function. The shaded regions denote the RMS spread used to estimate the systematic uncertainty.
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Figure 21: Results of the fast rotation analysis as a function of tm, for ts = 4 µs. The shaded regions denote the

RMS spread used to estimate the systematic uncertainty.
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Figure 21: Results of the fast rotation analysis as a function of tm, for ts = 4 µs. The shaded regions denote the

RMS spread used to estimate the systematic uncertainty.
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Figure 21: Results of the fast rotation analysis as a function of tm, for ts = 4 µs. The shaded regions denote the

RMS spread used to estimate the systematic uncertainty.
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Figure 21: Results of the fast rotation analysis as a function of tm, for ts = 4 µs. The shaded regions denote the

RMS spread used to estimate the systematic uncertainty.
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Dataset hfci (kHz) �f (kHz)

60Hour 6699.23 8.65

9Day 6699.00 8.70

EndGame 6698.68 8.41

HighKick 6700.36 8.67

Table 2: Mean cyclotron frequencies hfci and standard deviations �f recovered from the nominal cosine transform

for each of the Run–1 datasets.
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Figure 8: Radial distribution in beam coordinates for the four Run–1 datasets, limited to the range allowed by

the collimator aperture.

Dataset hxei (mm) � (mm)

60Hour 6.09 9.19

9Day 6.34 9.24

EndGame 6.67 8.94

HighKick 4.89 9.21

Table 3: Mean equilibrium radii hxei and standard deviations � (in beam coordinates) recovered from the nominal

cosine transform for each of the Run–1 datasets.

by the collimator aperture (±45 mm). These coordinates are radial o↵sets from the magic radius, such that x = 0

corresponds to 7112 mm from the center of the ring, and positive (negative) values correspond to radially outward

(inward) positions. The recovered mean equilibrium radii and widths are tabulated in Table ?? for each of the

Run–1 datasets.

12

Dataset fcbo (kHz) n CE (ppb)

60Hour 370.44 0.1075 �461

9Day 413.64 0.1197 �523

EndGame 367.05 0.1066 �468

HighKick 414.29 0.1198 �453

Table 4: Recovered CBO frequencies fcbo, field indices n, and electric field corrections CE for each of the Run–1

datasets.

4.6 Electric field correction estimation

The electric field corrections are estimated using Eq. (1), given the radial distributions in Fig. 8. The field index

in Eq. (1) is expressed (in the continuous quad approximation) as

n = 1 � ⌫2
x, (5)

where ⌫x is the radial tune,

⌫x = 1 � fcbo/fc, (6)

where fcbo is the CBO frequency extracted from the 9-parameter wiggle fit and fc is the average cyclotron frequency.

These results are tabulated in Table ?? for each of the Run–1 datasets. The n values are in very good agreement

with the field index measurements done by the tracker and calorimeter teams.
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Figure 10: Radial distributions for all 24 calorimeters overlaid: (a) 60Hour, (b) 9Day, (c) EndGame, (d) HighKick.
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Figure 12: Radial distributions for all 8 bunches overlaid: (a) 60Hour, (b) 9Day, (c) EndGame, (d) HighKick.

5.2 Per-bunch analysis

Figure ?? in App. ?? shows that the 8 bunches in the accelerator cycle have di↵erent longitudinal profiles. Given

that the length of the incoming pulse is about 200 ns, and that the kick provided by the three kickers inside the

ring is inhomogeneous over time, one can expect di↵erent stored radial distributions for each bunch. It is therefore

interesting to look at the fast rotation results for each bunch individually3. As in the per-calorimeter analysis,

the set of data points used for the background fit is fixed to the set identified by the nominal analysis. Not fixing

the background definition would introduce a systematic bias in the per-bunch results, making the results across

bunches more di�cult to compare. The t0 parameter is optimized for each bunch and is expected to be randomly

distributed because of the di↵erences in the beam profiles (i.e. the time centroid of each bunch’s injection profile

depends on the profile’s shape).

Figure 12 shows the radial distributions for all 8 bunches overlaid.

Fig. 13 shows CE as a function of bunch number. The error bars are the statistical uncertainties, scaled from

the nominal statistical uncertainty analysis by
p

Ndataset/Nbunch, where N is the number of hits. Weighting each

bunch by its statistics, the averaging of them all yields the results in Table 7, which are in good agreement with

3The anomalous spin precession frequency is nominally performed by combining all the bunches together.
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8 bunches

Dataset
t0 (ns) xe (mm) � (mm) CE (ppb)

mean width mean width mean width mean width

60Hour 121.57 7.34 6.09 0.17 9.20 0.04 �461 6.40

9Day 127.30 8.19 6.29 0.26 9.15 0.06 �513 14.26

EndGame 128.74 6.22 6.68 0.19 8.89 0.07 �465 9.47

HighKick 126.45 7.62 4.85 0.32 9.15 0.06 �447 12.90

Table 7: Statistics-weighted per-bunch averages and one-sigma spreads for the recovered t0, equilibrium radius xe,

radial width �, and e-field correction CE .
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Figure 13: Per-bunch results from the fast rotation analysis. Error bars show statistical uncertainty (see Sec. 6).

the results presented previously for all the calorimeters and bunches combined. This indicates that the per-bunch

and per-calorimeter information may be linearly combined before or after performing the fast rotation analysis.
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Figure 11: Results of the fast rotation analysis per-calorimeter. The error bars show the statistical uncertainty

(see Sec. 6).
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Calorimeter dependence

Bunch dependence
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7.7 Positron energy threshold

The nominal positron energy threshold used to produce the positron-count histograms for all of the above studies

was 1500 MeV. However, the anomalous spin precession frequency analysis is performed for a variety of energy

thresholds and energy weighting schemes. Therefore, it is important to perform the fast rotation analysis as a

function of positron energy. Here we perform the fast rotation analysis (with fixed background definition) on fast

rotation signals produced using a range of positron energy bins and thresholds. Figure 28 shows the results of the

fast rotation analysis as a function of positron energy threshold, and Figure 27 shows the results over self-contained

positron energy bins. In both cases, there is a clear upward trend in xe and � with increasing positron energy.

This e↵ect is believed to be related to calorimeter acceptance rather than beam dynamics.
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Figure 27: Results of the fast rotation analysis as a function of positron energy. The data points shown are the

left edges of the energy bins in steps of 200 MeV.
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Figure 27: Results of the fast rotation analysis as a function of positron energy. The data points shown are the

left edges of the energy bins in steps of 200 MeV.
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Figure 27: Results of the fast rotation analysis as a function of positron energy. The data points shown are the

left edges of the energy bins in steps of 200 MeV.

41

7.7 Positron energy threshold

The nominal positron energy threshold used to produce the positron-count histograms for all of the above studies

was 1500 MeV. However, the anomalous spin precession frequency analysis is performed for a variety of energy

thresholds and energy weighting schemes. Therefore, it is important to perform the fast rotation analysis as a

function of positron energy. Here we perform the fast rotation analysis (with fixed background definition) on fast

rotation signals produced using a range of positron energy bins and thresholds. Figure 28 shows the results of the

fast rotation analysis as a function of positron energy threshold, and Figure 27 shows the results over self-contained

positron energy bins. In both cases, there is a clear upward trend in xe and � with increasing positron energy.

This e↵ect is believed to be related to calorimeter acceptance rather than beam dynamics.

500 1000 1500 2000 2500 3000
Positron Energy (MeV)

�560

�540

�520

�500

�480

�460

�440

C
E

(p
p
b
)

HighKick

Nominal Result

1

2

3

4

5

6

P
os

it
ro

n
H

it
s

⇥108

Figure 27: Results of the fast rotation analysis as a function of positron energy. The data points shown are the

left edges of the energy bins in steps of 200 MeV.
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Dependence on positron energy
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Momentum – time correlation

• The kicker field is not uniform across the the length of the muon pulse.
• Momentum acceptance scales inversely with kicker field.
• The result is a t=0 momentum-time correlation in the stored beam

simulation

Debunching is no longer symmetric forward and backward in time.
- the fundamental prerequisite for the Fourier method

- From COSY-based storage ring simulations, recreate momentum-time beam 
structure at injection of muons that survive at t~30 microsec

- From t=0 to t~30 microsec, muons receive kick at kicker stations and undergo 
scraping (2 collimators inserted at C08/C09 and C10/C11, EQS mis-powering…) 

- Simulation starts at t=0 with D. Rubin’s post-inflector beam distribution (GM2-doc-
11703)

- t-distribution based on H. Binney’s g2doc-11208

- Kickers max strength at ~75% of ideal, pulse based on C. Stoughton’s g2doc11571. In 
simulations, beam’s longitudinal center is matched with max. kicker signal strength 
at K2 (i.e. no “beam-kicker” time offset)

2

v2 results

Initial time structure from average of 8 bunches

9

simulation
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Fourier method reproduces true frequency distribution with no correlation
at least with Toy MC
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Signature of correlation

There is no such feature in the Run 1 data
We conclude that the error due to correlation is
limited to 50 ppb

More than that and we would see it.

Initial distribution is generated with simulated correlation, and measured 
frequency and temporal distributions

cosy
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Uncertainty

Fourier Method Systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

bkgd. fit 0.4 2.8 0.6 4.0

start time 2.1 3.8 0.8 3.1

end time 1.0 0.9 0.8 1.1

freq. bin 1.6 1.9 0.4 1.3

bfgd. def. 4.3 6.5 2.1 6.5

bmgd. rem. 1.9 3.8 0.5 2.2

quad. sum 6.1 9.1 2.5 8.7

linear sum 13.3 19.7 5.2 18.2

average 9.7 14.4 3.9 13.4 3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker T12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat

3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker T12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat

Correlated run to run

Correlated run to run

Fourier method results

3

Run independent systematics �CE (ppb)
source Run 1a Run 1b Run 1c Run 1d

Ring Model 8.6 5.6 8.6 8.6

Momentum-time correlation 50 50 50 50

Combined systematics �CE (ppb)
source Run 1a Run 1b rRun 1c Run 1d

Fourier method parameters 9.7 14.4 3.9 13.4

ring model 8.7 8.7 8.7 8.7

momentum-time correlation 50 50 50 50

field index 1.7 1.7 4.0 1.5

quadruture sum 51.7 52.7 51.1 52.5

CE (ppb)
e+ threshold Run 1a Run 1b Run 1c Run 1d

500 MeV -459±(0.60)stat -515±(0.54)stat -461±(0.23)stat -446±(0.64)stat
1700 MeV -466±(1.04)stat -525 ±(0.94)stat -469±(0.39)stat -456±(1.10)stat
Asymmetry Weighted -466±(0.92)stat -526±(0.83)stat -469±(0.35)stat -457±(0.97)stat

Pitch reconstruction method systematics �Cp (ppb)
source Run 1a Run 1b Run 1c Run 1d

Tracking 8.6 8.6 8.6 8.6

Vertex Res. 3 3 3 3

Acceptance 10 10 10 10

Model 10 10 10 10

quad. sum 16.8 16.8 16.8 16.8

Run independent systematics �Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Ring Model 1.3 1.3 1.3 1.3

Cp (ppb)
Run 1a Run 1b Run 1c Run 1d

Tracker 12 -176.79±(0.10)stat -198.51±(0.10)stat -191.46±(0.08)stat -168.09±(0.06)stat
Tracker 18 -177.30±(0.10)stat -198.45±(0.10)stat -191.37±(0.08)stat -168.69±(0.06)stat

For detailed Run 1 analysis see
GM2-doc 21258
GM2-doc 21678
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Efield summary

Momentum-time correlation uncertainty dominates everything else

In the works
• CERN/c2 method: Fit parameterized initial distribution to S(t).  Correlation 

can be included in parameterization. Rob C. is extending the method with 
special functions to reduce the number of parameters to fit

• The fast rotation signal is number vs time. Trackers measure radial position 
and number vs time, allowing possibility of reconstructing correlation. 
(James M.)
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Thanks to everyone who participated in Efield/pitch discussions 
and contributed to this work.
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~ 150 muon decays / run

Running 
average

Cp(meas) = �nyhy2i
2R2

0
<latexit sha1_base64="tPsUdQiMDSp7Aehd08RODuKlSSs="></latexit>

Ce(meas) = �2�2nx(1� nx)
hx2

ei
R2

0
<latexit sha1_base64="exDaEd5mS/LzaoM+aBh5br5T5ps="></latexit>

Index from measured tunes
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Simulation with gm2ringsim

• 109 muons thrown at ring
• Equilibrium radius (truth) measured at tracking planes
• Fast rotation signal is calo hits
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𝜒! from Tracking planes at t > 30 𝝻s

Mean  
5.00+/-0.00498
5.03+/-0.00591 
5.06+/-0.00752

Width  
8.28+/-0.00352 
8.28+/-0.00418 
8.28+/-0.00532

Means are different 5.060 ➝ 4.35.  but shape 
comparison looks  good. 

e+ > 1.5 
GeV

𝜒! = 𝑅"#$%&
Δ𝑝

𝑝"#$%&(1 − 𝑛)

Cornell FR reconstruction from decay 
positrons in calorimeters ( 4< t < 150 𝝻s )
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``Statistical Error” on FR extraction

73 randcom variations over 
same input data

Average Mean = 4.35 +/- 0.021
Width of Mean = 0.17 +/- 0.019

Average Width = 8.84 +/- 0.030
Width of Width = 0.22 +/- 0.023

Difference between truth and 
FR  reconstruction is significant.

h
Entries  73
Mean    4.341
RMS     0.163

 / ndf 2c  3.724 / 6
Prob   0.714
Constant  2.63± 16.41 
Mean      0.021± 4.349 
Sigma     0.019± 0.167 

Eq. Radius (mm)
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Prob   0.714
Constant  2.63± 16.41 
Mean      0.021± 4.349 
Sigma     0.019± 0.167 

Equilibrium Radius
hw

Entries  73
Mean    8.849
RMS    0.2142

 / ndf 2c  6.027 / 7
Prob   0.5366
Constant  1.91± 12.36 
Mean      0.030± 8.839 
Sigma     0.0232± 0.2178 

Eq. Width (mm)
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Prob   0.5366
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Sigma     0.0232± 0.2178 

Equilibrium Width
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Average Radius <R>  from Tracking planes for t > 30 𝝻s.

Averaged over all planes <R> ~ 5.6 mm

Plane 0 Mean
5.73 +/- 0.0057
5.76 +/- 0.0068 
5.80 +/- 0.0086

Plane 2 Mean
5.57 +/- 0.0058 
5.59 +/- 0.0069 
5.62 +/- 0.0088

Plane 1 Mean
5.25+/-0.0059 
5.29+/-0.0070 
5.34+/-0.0089

Plane 3 Mean
6.039 +/- 0.0057 
6.049 +/- 0.0067 
6.071 +/- 0.0085
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Compare Frequency Spectrum 

Tracking 
Plane 0 (all 
look the 
same) 

Fast 
Rotation 
Extraction

e+ > 1.5 
GeV

e+ > 1.0 
GeV

e+ > 0.5 
GeV

6699.66+/
-0.0063

6699.62+/-
0.0080

6699.68+/-
0.0053

6700.94+/-
0.80

6700.99+/
-0.80

6700.91+/
-0.80
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Maximal Error?  

How does the deviation between the fast rotation 
analysis and the “truth” from the tracking planes 
bias the E-field correction?  (n = 0.108)

𝐶" =
−2𝑛(𝑛 − 1)𝛽#

𝑅$%&'(# 𝜒!)#
FR ➔ 365 ppb

-Mean 4.35 
-Width 8.78

TRUTH ➔ 358 ppb  
-Mean 5.06 
-Width 8.28

Deviation is 7 ppb
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Std Dev y   10.09

 / ndf 2χ  148.1 / 146
p0        0.0±  6700 
p1        0.000220± 0.001846 
p2        0.0000039±0.0007312 − 
p3       07− 1.037e±05 −1.129e− 

Frequency-Beam Correlation

T. Barrett
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f(t) = p0 + p1t+ p2t
2 + p3t

3

*Q2{+B2Mi *Pau "J�. ;Kk`BM;bBK
p3 (F>x/Mb3) �5.6(9)⇥ 10�6 �1.9(1)⇥ 10�5 �1.13(6)⇥ 10�5

p2 (F>x/Mb2) �1.26(3)⇥ 10�3 �8.8(4)⇥ 10�4 �7.3(2)⇥ 10�4

p1 (F>x/Mb) �3.2(3)⇥ 10�2 +4.7(3)⇥ 10�2 +1.8(1)⇥ 10�3

p0 (F>x) +6703.33(5) +6700.76(6) +6699.97(3)

• Time-momentum correlation introduces systematic error in Fourier method
• The correlation will depend on kicker parameters
• Modeling the correlation may be problematic
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Summary

E-field

• Correlation systematic dominates uncertainty of E-field contribution
• We are exploring refinements to Fourier method to mitigate effects of correlation
• Redefine t0 to peak of fast rotation signal (maximal bunching point) ?

• c2  method? Parameterize initial distribution and fit to S(t). 
Correlation can be included in that parameterization

Or perhaps a hybrid of Fourier and c2  method? 

Pitch
• Effects of misalignments are small
• Remaining uncertainty dominated by relative acceptance

In progress
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In a curved geometry, the integrated E-field along the trajectory depends on betatron
amplitude in two ways
1. Sextupole (quadratic) component of the quads 

• Sextupole component is symmetric about magic radius
• Shifts the ‘closed orbit’

2. Path length (asymmetric about magic radius)

Some equations
2

0 02 ,      momentum with curvature=a
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E-field contribution
Quad linearity

In an ideal cartesian geometry and quadrupole where the horizontal 
field is antisymmetric about the closed orbit, the E-field correction is 
independent of betatron amplitude

E

xe = ⌘�p/p
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Where                                          and  nx = 1�Q2
x

<latexit sha1_base64="unRb2AEqZBs96TQ12o1w6P9emvM=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBHcWJJafCyEghuXLdgHtDFMppN26GQSZyalJfQ73LhQxK0f486/MU2DqPXAhcM593LvPW7ImdKm+WksLa+srq3nNvKbW9s7u4W9/aYKIklogwQ8kG0XK8qZoA3NNKftUFLsu5y23OHNzG+NqFQsEHd6ElLbx33BPEawTiRbOGN0jazTujO+LzuFolkyU6BFYmWkCBlqTuGj2wtI5FOhCcdKdSwz1HaMpWaE02m+GykaYjLEfdpJqMA+VXacHj1Fx4nSQ14gkxIaperPiRj7Sk18N+n0sR6ov95M/M/rRNq7tGMmwkhTQeaLvIgjHaBZAqjHJCWaTxKCiWTJrYgMsMREJznl0xCuZjj/fnmRNMsl66xUqVeK1WoWRw4O4QhOwIILqMIt1KABBB7gEZ7hxRgZT8ar8TZvXTKymQP4BeP9C+9hkQo=</latexit>

Systematic uncertainty due to quad misalignment/voltage errors for 1280 configurations

Efield

Pitch
Cp(meas) = �nyhy2i

2R2
0

<latexit sha1_base64="tPsUdQiMDSp7Aehd08RODuKlSSs="></latexit>

|Cp(meas)� Cp(truth)| < 10 ppb
<latexit sha1_base64="sUV/vqFuovDzFqmXYv/Mv0ZoKRw="></latexit>

Ce(meas) = �2�2nx(1� nx)
hx2

ei
R2

0
<latexit sha1_base64="exDaEd5mS/LzaoM+aBh5br5T5ps="></latexit>

|Ce(meas)� Ce(truth)| < 35 ppb
<latexit sha1_base64="Wva6S8piT3J4tjmEBRKx3O+EGVY="></latexit>

Where ny = Q2
y

<latexit sha1_base64="rO3CTBDlJJSPSDFJgUsn+BZtODY=">AAAB8HicbVDLSsNAFJ3UV42vVpdugkXoqiRVfCyEghuXLZhaaWOYTCft0JlJmJkIIfQr3LhQxK2f406/xklaRK0HLhzOuZd77wliSqSy7Q+jtLS8srpWXjc3Nre2dyrV3a6MEoGwiyIaiV4AJaaEY1cRRXEvFhiygOKbYHKZ+zf3WEgS8WuVxthjcMRJSBBUWrrlfnrR8dO7pl+p2Q27gLVInDmpteqfbjmumm2/8j4YRihhmCtEoZR9x46Vl0GhCKJ4ag4SiWOIJnCE+5pyyLD0suLgqXWolaEVRkIXV1ah/pzIIJMyZYHuZFCN5V8vF//z+okKz7yM8DhRmKPZojChloqs/HtrSARGiqaaQCSIvtVCYyggUjojswjhPMfJ98uLpNtsOEeN445OowVmKIN9cADqwAGnoAWuQBu4AAEGHsATeDaE8Wi8GK+z1pIxn9kDv2C8fQFPapJs</latexit>

xe =
�c

2⇡fcyc
�R0

<latexit sha1_base64="8w1JnWQW2BwMvv7SzYV7eIwmGkc="></latexit>

��  8.69 ppb
<latexit sha1_base64="yCnrSoJdUkJgE9EKIMMVuO11Re4=">AAACCnicbVC7SgNBFJ31GeMramkzGgSrZddn7AJaWEYwD8iGMDu5mwyZmV1mZoWwpLbxV2wsFLH1C+z8GyePQhMPXDiccy/33hMmnGnjed/OwuLS8spqbi2/vrG5tV3Y2a3pOFUUqjTmsWqERANnEqqGGQ6NRAERIYd62L8e+fUHUJrF8t4MEmgJ0pUsYpQYK7ULB4FmXUHawQ1wQ3DAAZfci6sAZ4ESOEnCYbtQ9FxvDDxP/Ckpoikq7cJX0IlpKkAayonWTd9LTCsjyjDKYZgPUg0JoX3ShaalkgjQrWz8yhAfWaWDo1jZkgaP1d8TGRFaD0RoOwUxPT3rjcT/vGZqolIrYzJJDUg6WRSlHJsYj3LBHaaAGj6whFDF7K2Y9ogi1Nj08jYEf/bleVI7cf1T9/zurFguT+PIoX10iI6Rjy5RGd2iCqoiih7RM3pFb86T8+K8Ox+T1gVnOrOH/sD5/AFMPZlf</latexit>

��  1.3 ppb
<latexit sha1_base64="zETezdjMpQ5020Lx3cJHE082yCc=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBU0isoseCHjxWsB/QhLDZTtulu0nY3Qgl9OrFv+LFgyJe/Qfe/Ddu2xy09cHA470ZZuZFKWdKu+63VVpZXVvfKG9WtrZ3dvfs/YOWSjJJoUkTnshORBRwFkNTM82hk0ogIuLQjkbXU7/9AFKxJL7X4xQCQQYx6zNKtJFCG/uKDQQJ/RvgmmCfA/acmo9zXwqcptEktKuu486Al4lXkCoq0AjtL7+X0ExArCknSnU9N9VBTqRmlMOk4mcKUkJHZABdQ2MiQAX57JMJPjFKD/cTaSrWeKb+nsiJUGosItMpiB6qRW8q/ud1M92/CnIWp5mGmM4X9TOOdYKnseAek0A1HxtCqGTmVkyHRBKqTXgVE4K3+PIyaZ05Xs25uDuv1utFHGV0hI7RKfLQJaqjW9RATUTRI3pGr+jNerJerHfrY95asoqZQ/QH1ucPt1eZEg==</latexit>
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