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Chapter 22

Spin Dynamics

22.1 Equations of Motion

The propagation of the classical spin vector S is described in the local reference frame (§15.1.1) by a
modified Thomas-Bargmann-Michel-Telegdi (T-BMT) equation[Hoff06]

d

ds
S =

ß
(1 + rt · g)

c�z
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™
⇥ S (22.1)

where g is the bend curvature function which points away from the center of curvature of the particle’s
reference orbit (see Fig. 15.2), rt = (x, y) are the transverse coordinates, c�z is the longitudinal compo-
nent of the velocity, and bz is the unit vector in the z-direction. ⌦⌦⌦BMT is the usual T-BMT precession
vector due to the particle’s magnetic moment
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and ⌦⌦⌦EDM is the precession vector due to a finite Electric Dipole Moment (EDM) [Silenko08]1

⌦⌦⌦EDM (r,P, t) = � q ⌘
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Here E(r, t) and B(r, t) are the electric and magnetic fields, B? and Bk are the components perpendicular
and parallel to the particle’s momentum, � is the particle’s relativistic gamma factor, q, and m are the
particle’s charge and mass, � is the normalized velocity, a = (g � 2)/2 is the particle’s anomalous
magnetic moment (values given in Table 3.2), and ⌘ is the normalized electric dipole moment which is
related to the dipole moment d via

d =
⌘

2

q

m c
S (22.4)

Note: Some authors define ⌘ without the factor of c is the denominator.

It is important to keep in mind that the a and g-factors used here are defined using Eq. (3.2) which,
in the case of nuclei and other composite baryonic particles, differs from the conventional definition
Eq. (3.4). See the discussion after Eq. (3.2).

1Note: The value for the EDM is set by bmad_com[electric_dipole_moment] (§10.2).
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d[e� cm] = 4.66⇥ 10�14⌘
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Figure 7: The time modulated average vertical component of the rest frame muon
polarisation vector, with an injected EDM of 5.4⇥10�18 e·cm (30⇥ BNL). The amplitude
of the fit gives a rest frame tilt angle of 49.5±0.3 mrad (1.69±0.01 mrad in the laboratory
frame), which is consistent with expectation.

This was accomplished by use of the all decays sample, where truth information was

used to calculate the angle � between the x-z plane and the muon spin polarisation

vector, as well as the angle ✓ between the x-z plane and the decay positron momentum

vector. If the product of these angles is positive, so that �✓ > 0, then the muon spin

vector and positron momentum vector must be directed in the same vertical hemisphere,

and so these were counted as ‘up’ decays. If ✏✓ < 0, then the reverse is true, and such

decays were counted as ‘down’ decays. From the numbers of up/down decays, Nu and

Nd, it is possible to define the asymmetry as

A =
Nu �Nd

Nu +Nd

, (26)

with a corresponding uncertainty of

�A =

s
1�A2

Nu +Nd

, (27)

a full derivation for which can be found in Appendix C of [2]. The distributions A(�)

and the statistical figure-of-merit (FOM) NA2(�), derived from simulation, are shown

in Figure 8a. The analytical form of A(�) is overlaid on the corresponding distribution

from simulation in Figure 8b, showing excellent agreement.

x = x0 = y = y0 = 0
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Introduction 13

consisting of two orthogonal terms, plus a constant o↵set, c, as follows:

h✓yi(t) =
1

N(t)
(Ag�2 cos(!at+ �) +AEDM sin(!at+ �) + c). (24)

The amplitudes Ag�2 and AEDM represent the observed angle in-phase with the !a

(g � 2) oscillation and the !⌘ (EDM) oscillations respectively, and � is the constant

phase of the !a oscillation. It is assumed that !a >> !⌘, so the angular frequency of

the oscillation is taken as !a. The denominator, N(t), arises from the definition of the

average vertical angle as

h✓yi(�, t) /
1

N(�, t)
, (25)

following arguments made by J. Price in [14], and can be approximated by a five pa-

rameter fit to the number oscillation function in the same momentum interval as the

vertical angle fit. The measured angle AEDM must then be corrected to obtain �, the

procedure for which will be expanded upon in the following section. The numerator of

fit function, Equation 24, is illustrated in Figure 4.

1.5 A word on the N(t) denominator

The inclusion of the N(t) denominator in Equation 24 is a change compared to the

tracker-based analysis at BNL, which did not include this term. That analysis was

somewhat saved by the fact that, in the momentum range used, the variation in the

number of positrons over a full g � 2 period was quite small. For this analysis however,

following the generation of an additional two billion events for the EDM simulation

described in Section 2, the greatly improved statistical precision revealed poor quality

vertical angle fits at high momentum [17], and the need for the denominator term.

At lower statistical precision, at level of millions of tracks per fit, the impact of the

denominator on AEDM can be neglected.

1.6 Data analysed

Run-1 is divided into four datasets of increasing size, labelled ‘a’ through ‘d’. The

statistical precision of the muon EDM search is given by the number of quality-cut-

passing extrapolated track decay vertices per Run-1 dataset, which are included, along

with other important information, in Table 3. The number of measured positrons over

time is expressed in terms of the fraction of the BNL E821 cumulative dataset in Figure

Longitudinal magnetic field

x = x0 = y = y0 = 0
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The Run-1 EDM search 69

Dataset hBri [ppm] Equivalent dµ [⇥10�20 e·cm]

1a 22± 7 7± 2

1b 23± 8 7± 3

1c 30± 8 9± 3

1d 34± 9 10± 3

Table 15: Estimates for hBri in ppm, as well as the equivalent fake EDM signal in
e·cm, for various E989 datasets [33][2].

average radial field, hBri, in the Run-1 datasets and beyond. The Run-1 estimates are

recorded in Table 15, where the size of the radial field does not present a limiting source

of systematic uncertainty in the Run-1 muon EDM search. The details of the radial

field measurement and analysis can be found in [33] and [2].

Chapter 22

Spin Dynamics

22.1 Equations of Motion

The propagation of the classical spin vector S is described in the local reference frame (§15.1.1) by a
modified Thomas-Bargmann-Michel-Telegdi (T-BMT) equation[Hoff06]

d

ds
S =

ß
(1 + rt · g)

c�z
(⌦⌦⌦BMT +⌦⌦⌦EDM )� g ⇥ bz

™
⇥ S (22.1)

where g is the bend curvature function which points away from the center of curvature of the particle’s
reference orbit (see Fig. 15.2), rt = (x, y) are the transverse coordinates, c�z is the longitudinal compo-
nent of the velocity, and bz is the unit vector in the z-direction. ⌦⌦⌦BMT is the usual T-BMT precession
vector due to the particle’s magnetic moment

⌦⌦⌦BMT (r,P, t) = � q
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and ⌦⌦⌦EDM is the precession vector due to a finite Electric Dipole Moment (EDM) [Silenko08]1

⌦⌦⌦EDM (r,P, t) = � q ⌘

2mc

ï
E� �

1 + �
(� ·E)� + c� ⇥B

ò
(22.3)

Here E(r, t) and B(r, t) are the electric and magnetic fields, B? and Bk are the components perpendicular
and parallel to the particle’s momentum, � is the particle’s relativistic gamma factor, q, and m are the
particle’s charge and mass, � is the normalized velocity, a = (g � 2)/2 is the particle’s anomalous
magnetic moment (values given in Table 3.2), and ⌘ is the normalized electric dipole moment which is
related to the dipole moment d via

d =
⌘

2

q

m c
S (22.4)

Note: Some authors define ⌘ without the factor of c is the denominator.

It is important to keep in mind that the a and g-factors used here are defined using Eq. (3.2) which,
in the case of nuclei and other composite baryonic particles, differs from the conventional definition
Eq. (3.4). See the discussion after Eq. (3.2).

1Note: The value for the EDM is set by bmad_com[electric_dipole_moment] (§10.2).
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and ⌦⌦⌦EDM is the precession vector due to a finite Electric Dipole Moment (EDM) [Silenko08]1

⌦⌦⌦EDM (r,P, t) = � q ⌘

2mc

ï
E� �

1 + �
(� ·E)� + c� ⇥B

ò
(22.3)

Here E(r, t) and B(r, t) are the electric and magnetic fields, B? and Bk are the components perpendicular
and parallel to the particle’s momentum, � is the particle’s relativistic gamma factor, q, and m are the
particle’s charge and mass, � is the normalized velocity, a = (g � 2)/2 is the particle’s anomalous
magnetic moment (values given in Table 3.2), and ⌘ is the normalized electric dipole moment which is
related to the dipole moment d via

d =
⌘

2

q
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S (22.4)

Note: Some authors define ⌘ without the factor of c is the denominator.

It is important to keep in mind that the a and g-factors used here are defined using Eq. (3.2) which,
in the case of nuclei and other composite baryonic particles, differs from the conventional definition
Eq. (3.4). See the discussion after Eq. (3.2).

1Note: The value for the EDM is set by bmad_com[electric_dipole_moment] (§10.2).
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Spin Dynamics

22.1 Equations of Motion

The propagation of the classical spin vector S is described in the local reference frame (§15.1.1) by a
modified Thomas-Bargmann-Michel-Telegdi (T-BMT) equation[Hoff06]
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where g is the bend curvature function which points away from the center of curvature of the particle’s
reference orbit (see Fig. 15.2), rt = (x, y) are the transverse coordinates, c�z is the longitudinal compo-
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vector due to the particle’s magnetic moment

⌦⌦⌦BMT (r,P, t) = � q

m c

ïÅ
1

�
+ a

ã
cB� a � c

1 + �
(� ·B)� �

Å
a+

1

1 + �

ã
� ⇥E

ò
(22.2)

= � q

m c

ïÅ
1

�
+ a

ã
cB? +

(1 + a) c

�
Bk �

Å
a+

1

1 + �

ã
� ⇥E

ò

and ⌦⌦⌦EDM is the precession vector due to a finite Electric Dipole Moment (EDM) [Silenko08]1
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Here E(r, t) and B(r, t) are the electric and magnetic fields, B? and Bk are the components perpendicular
and parallel to the particle’s momentum, � is the particle’s relativistic gamma factor, q, and m are the
particle’s charge and mass, � is the normalized velocity, a = (g � 2)/2 is the particle’s anomalous
magnetic moment (values given in Table 3.2), and ⌘ is the normalized electric dipole moment which is
related to the dipole moment d via

d =
⌘
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S (22.4)

Note: Some authors define ⌘ without the factor of c is the denominator.

It is important to keep in mind that the a and g-factors used here are defined using Eq. (3.2) which,
in the case of nuclei and other composite baryonic particles, differs from the conventional definition
Eq. (3.4). See the discussion after Eq. (3.2).

1Note: The value for the EDM is set by bmad_com[electric_dipole_moment] (§10.2).

381

Net contribution from Brad and compensating EvertFe = qE

Fb = qc(� ⇥B)

E = c(�Brad)

<latexit sha1_base64="t/KlvT+M22pqdMDrW8vd3WeidgI="></latexit>

⇣
1
� + a

⌘
cBrad �

⇣
a+ 1

1+�

⌘
�Evert

⇣
1
� + a

⌘
cBrad

⇠ 1

�

<latexit sha1_base64="xCqoRYZYyNS69dkiecI/63Bp64g="></latexit>

Initial phase space coordinates

srad = svert = 0, slong = 1

<latexit sha1_base64="Ww0A5RPp592kkHms7WtSGnHH9b4=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjFd0Uim5cVrAPaIchk8m0oZlkSDJCGWbpxl9x40IRt36CO//GtJ2Fth4IOTn3XG7uCRJGlXacb2tpeWV1bb20Ud7c2t7Ztff220qkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB6GZS7zwQqajg93qcEC9GA04jipE2km8fKT+TKMzr5jY+ndedsz40Dyb4IK+7vl1xqs4UcJG4BamAAk3f/uqHAqcx4RozpFTPdRLtZUhqihnJy/1UkQThERqQnqEcxUR52XSRHJ4YJYSRkOZwDafq744MxUqN48A4Y6SHar42Ef+r9VIdXXkZ5UmqCcezQVHKoBZwkgoMqSRYs7EhCEtq/grxEEmEtcmubEJw51deJO3zqlurXtzVKo3rIo4SOATH4BS44BI0wC1oghbA4BE8g1fwZj1ZL9a79TGzLllFzwH4A+vzB5Q4ma8=</latexit>

Initial polarization

EDM Radial B

y = 1.37mm, x = x0 = y0 = 0

<latexit sha1_base64="W6fSWu2CloprkBOp0lI/q35P5bM=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCgoREK3VTKLpxWcFeoIllMp22Q2eSMDORhtBncOOruHGhiFtX7nwbp20Ebf1h4OM/53Dm/H7EqFS2/WUsLC4tr6zm1vLrG5tb2+bObl2GscCkhkMWiqaPJGE0IDVFFSPNSBDEfUYa/uBqXG/cEyFpGNyqJCIeR72AdilGSltt8zgpu9CxzkowdQWHnI9OXDgsD+/cSFBOyskP2G2zYFv2RHAenAwKIFO1bX66nRDHnAQKMyRly7Ej5aVIKIoZGeXdWJII4QHqkZbGAHEivXRy0ggeaqcDu6HQL1Bw4v6eSBGXMuG+7uRI9eVsbWz+V2vFqnvhpTSIYkUCPF3UjRlUIRznAztUEKxYogFhQfVfIe4jgbDSKeZ1CM7syfNQP7WconV+UyxULrM4cmAfHIAj4IASqIBrUAU1gMEDeAIv4NV4NJ6NN+N92rpgZDN74I+Mj2+cAJw7</latexit>

Initial phase space coordinates
x = x0 = y = y0 = 0

<latexit sha1_base64="h9thDubAfwMOriO18tck+dJD2d4=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRiq6KRTduKxgL9COJZNm2tAkMyQZ6TDUja/ixoUibn0Ld76NaTuCtv4Q+PjPOZyc348YVdpxvqzc0vLK6lp+vbCxubW9Y+/uNVQYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h1eTevOeSEVDcauTiHgc9QUNKEbaWF37AI4qo7tOJCknlaSS/KDTtYtOyZkKLoKbQRFkqnXtz04vxDEnQmOGlGq7TqS9FElNMSPjQidWJEJ4iPqkbVAgTpSXTi8Yw2Pj9GAQSvOEhlP390SKuFIJ900nR3qg5msT879aO9bBhZdSEcWaCDxbFMQM6hBO4oA9KgnWLDGAsKTmrxAPkERYm9AKJgR3/uRFaJyW3HLp7KZcrF5mceTBITgCJ8AF56AKrkEN1AEGD+AJvIBX69F6tt6s91lrzspm9sEfWR/fxkWWdw==</latexit>

srad = svert = 0, slong = 1

<latexit sha1_base64="Ww0A5RPp592kkHms7WtSGnHH9b4=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjFd0Uim5cVrAPaIchk8m0oZlkSDJCGWbpxl9x40IRt36CO//GtJ2Fth4IOTn3XG7uCRJGlXacb2tpeWV1bb20Ud7c2t7Ztff220qkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB6GZS7zwQqajg93qcEC9GA04jipE2km8fKT+TKMzr5jY+ndedsz40Dyb4IK+7vl1xqs4UcJG4BamAAk3f/uqHAqcx4RozpFTPdRLtZUhqihnJy/1UkQThERqQnqEcxUR52XSRHJ4YJYSRkOZwDafq744MxUqN48A4Y6SHar42Ef+r9VIdXXkZ5UmqCcezQVHKoBZwkgoMqSRYs7EhCEtq/grxEEmEtcmubEJw51deJO3zqlurXtzVKo3rIo4SOATH4BS44BI0wC1oghbA4BE8g1fwZj1ZL9a79TGzLllFzwH4A+vzB5Q4ma8=</latexit>

Initial polarization

d = 7⇥ 10�20e� cm

<latexit sha1_base64="T51Vmaefr9jfybBuFKAwlAHEjqA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgpiUplboRim5cVrAPaGKZTCbt0JkkzEyEErJy46+4caGIW7/BnX/jtM1CWw9cOJxzL/fe48WMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjJKBCZtHLFI9DwkCaMhaSuqGOnFgiDuMdL1xtdTv/tAhKRReKcmMXE5GoY0oBgpLQ3MY/+y4SjKiYS2dZ9WalYGU0dwSCqYZwOzbFWtGeAysXNSBjlaA/PL8SOccBIqzJCUfduKlZsioShmJCs5iSQxwmM0JH1NQ6QXu+nsjQyeasWHQSR0hQrO1N8TKeJSTrinOzlSI7noTcX/vH6iggs3pWGcKBLi+aIgYVBFcJoJ9KkgWLGJJggLqm+FeIQEwkonV9Ih2IsvL5NOrWrXq+e39XLzKo+jCI7ACTgDNmiAJrgBLdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gC8w5dm</latexit>

Bradial = 22 ppm

<latexit sha1_base64="ApbvO3JWOYOhqCABVJTAExLYrlY=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kkmp6EYodeOygn1AE8JkMmmHziTDzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nFIwq7Tjf1srq2vrGZmmrvL2zu7dvHxx2VJpJTNo4ZanshUgRRhPS1lQz0hOSIB4y0g1HN1O/+0Ckomlyr8eC+BwNEhpTjLSRAvu4GeQSRRSxCbyGtZoHc09yKASfBHbFqTozwGXiFqQCCrQC+8uLUpxxkmjMkFJ91xHaz5HUFDMyKXuZIgLhERqQvqEJ4kT5+eyHCTwzSgTjVJpKNJypvydyxJUa89B0cqSHatGbiv95/UzHV35OE5FpkuD5ojhjUKdwGgiMqCRYs7EhCEtqboV4iCTC2sRWNiG4iy8vk06t6tarF3f1SqNZxFECJ+AUnAMXXIIGuAUt0AYYPIJn8ArerCfrxXq3PuatK1YxcwT+wPr8AWIUlro=</latexit>
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Bradial = 0

<latexit sha1_base64="fI3PAXQQPaKPrJiIkOY5s80y0l0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohchxIvHCOYByRp6Z2eTIbMPZmaVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7vERwpW372yqsrK6tbxQ3S1vbO7t75f2DlopTSVmTxiKWHQ8VEzxiTc21YJ1EMgw9wdre6Gbqtx+ZVDyO7vU4YW6Ig4gHnKI20kO9n0n0OYoJuSZ2v1yxq/YMZJk4OalAjka//NXzY5qGLNJUoFJdx060m6HUnAo2KfVSxRKkIxywrqERhky52ezqCTkxik+CWJqKNJmpvycyDJUah57pDFEP1aI3Ff/zuqkOrtyMR0mqWUTni4JUEB2TaQTE55JRLcaGIJXc3EroECVSbYIqmRCcxZeXSeus6pxXL+7OK7V6HkcRjuAYTsGBS6jBLTSgCRQkPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gBVN5HB</latexit>

, , d = 0

<latexit sha1_base64="k6K//+coC8C/cS3itk6JS87/9mI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxov2ANpTNZtIu3WzC7kYopT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjrJFMMGS0Si2gHVKLjEhuFGYDtVSONAYCsY3k791hMqzRP5aEYp+jHtSx5xRo2VHsJrt1euuFV3BrJMvJxUIEe9V/7qhgnLYpSGCap1x3NT44+pMpwJnJS6mcaUsiHtY8dSSWPU/nh26oScWCUkUaJsSUNm6u+JMY21HsWB7YypGehFbyr+53UyE135Yy7TzKBk80VRJohJyPRvEnKFzIiRJZQpbm8lbEAVZcamU7IheIsvL5PmWdU7r17cn1dqN3kcRTiCYzgFDy6hBndQhwYw6MMzvMKbI5wX5935mLcWnHzmEP7A+fwBupONcQ==</latexit>

Closed orbit displaced vertically by radial B field 
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vertical closed orbit

On the displaced closed orbit

Initial phase space coordinates
x = x0 = y = y0 = 0

<latexit sha1_base64="h9thDubAfwMOriO18tck+dJD2d4=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRiq6KRTduKxgL9COJZNm2tAkMyQZ6TDUja/ixoUibn0Ld76NaTuCtv4Q+PjPOZyc348YVdpxvqzc0vLK6lp+vbCxubW9Y+/uNVQYS0zqOGShbPlIEUYFqWuqGWlFkiDuM9L0h1eTevOeSEVDcauTiHgc9QUNKEbaWF37AI4qo7tOJCknlaSS/KDTtYtOyZkKLoKbQRFkqnXtz04vxDEnQmOGlGq7TqS9FElNMSPjQidWJEJ4iPqkbVAgTpSXTi8Yw2Pj9GAQSvOEhlP390SKuFIJ900nR3qg5msT879aO9bBhZdSEcWaCDxbFMQM6hBO4oA9KgnWLDGAsKTmrxAPkERYm9AKJgR3/uRFaJyW3HLp7KZcrF5mceTBITgCJ8AF56AKrkEN1AEGD+AJvIBX69F6tt6s91lrzspm9sEfWR/fxkWWdw==</latexit>

Bradial = 22 ppm

<latexit sha1_base64="ApbvO3JWOYOhqCABVJTAExLYrlY=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kkmp6EYodeOygn1AE8JkMmmHziTDzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nFIwq7Tjf1srq2vrGZmmrvL2zu7dvHxx2VJpJTNo4ZanshUgRRhPS1lQz0hOSIB4y0g1HN1O/+0Ckomlyr8eC+BwNEhpTjLSRAvu4GeQSRRSxCbyGtZoHc09yKASfBHbFqTozwGXiFqQCCrQC+8uLUpxxkmjMkFJ91xHaz5HUFDMyKXuZIgLhERqQvqEJ4kT5+eyHCTwzSgTjVJpKNJypvydyxJUa89B0cqSHatGbiv95/UzHV35OE5FpkuD5ojhjUKdwGgiMqCRYs7EhCEtqboV4iCTC2sRWNiG4iy8vk06t6tarF3f1SqNZxFECJ+AUnAMXXIIGuAUt0AYYPIJn8ArerCfrxXq3PuatK1YxcwT+wPr8AWIUlro=</latexit>

y = 1.37mm, x = x0 = y0 = 0

<latexit sha1_base64="W6fSWu2CloprkBOp0lI/q35P5bM=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCgoREK3VTKLpxWcFeoIllMp22Q2eSMDORhtBncOOruHGhiFtX7nwbp20Ebf1h4OM/53Dm/H7EqFS2/WUsLC4tr6zm1vLrG5tb2+bObl2GscCkhkMWiqaPJGE0IDVFFSPNSBDEfUYa/uBqXG/cEyFpGNyqJCIeR72AdilGSltt8zgpu9CxzkowdQWHnI9OXDgsD+/cSFBOyskP2G2zYFv2RHAenAwKIFO1bX66nRDHnAQKMyRly7Ej5aVIKIoZGeXdWJII4QHqkZbGAHEivXRy0ggeaqcDu6HQL1Bw4v6eSBGXMuG+7uRI9eVsbWz+V2vFqnvhpTSIYkUCPF3UjRlUIRznAztUEKxYogFhQfVfIe4jgbDSKeZ1CM7syfNQP7WconV+UyxULrM4cmAfHIAj4IASqIBrUAU1gMEDeAIv4NV4NJ6NN+N92rpgZDN74I+Mj2+cAJw7</latexit>

Initial phase space coordinates
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, EDM=0


